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Foreword

This book is about applications of the theory of pseudoanalytic functions. The
Swedish mathematician T. Carleman was the first to characterize this class of
functions via a generalized Cauchy-Riemann system which is sometimes called
a Carleman-Vekua-Bers system, as the investigation of the solutions of these sys-
tems reached fruition many years later through work of I.N. Vekua and L. Bers. In
the 1940s, L. Bers accepted an invitation to participate in the program Advanced
Research and Instruction in Applied Mathematics at Brown University. There,
as part of work relevant to the war effort, he studied two-dimensional subsonic
fluid flow problems, which led him to pseudoanalytic functions. Independently,
I.N. Vekua from Tiflis called them “generalized analytic functions” and described
applications in elasticity and fluid dynamics. Under the influence of his famous
book, Generalized Analytic Functions (1959), operator theoretical aspects domi-
nated for a time, while Bers’ ideas of a theory similar to classical complex analysis
fell into relative oblivion.

The current renaissance of Bers’ theory is primarily due to recent research
by V.V. Kravchenko, who independently and later in collaboration with other
colleagues uncovered striking new relations and applications of pseudoanalytic
function theory. These developments have now been very carefully prepared and
presented in a style accessible to a wide audience. Through several interesting
examples from physics it is shown how concepts of Bers’ theory give new results.
The book is an interplay between pseudoanalytic theory and a collection of partial
differential equations of mathematical physics which are quite important in appli-
cations: inter alia, the Schrödinger equation, the Klein-Gordon equation, Maxwell’s
equations and the Dirac equation. One basic idea which can be found throughout
the book is that, starting from a special solution, it is often possible to construct
large classes of solutions and even complete systems of solutions to an important
equation. Mathematical topics are motivated by physical problems, each leading
to a corresponding Carleman-Vekua-Bers system that is the main subject of this
book.

The reader will find in this book suprising relations among equations from
different genres. To fully appreciate them, some knowledge is required of complex
analysis, ordinary differential equations including Sturm-Liouville problems, and
second-order elliptic partial differential equations. Researchers may take note that



xii Foreword

the theory presented in this book is not yet complete; new applications can easily
be visualized, and the author has formulated a number of open problems which
may be tackled in the future. A comprehensive list of papers and books is provided
at the end of the volume, suited for readers who wish to deepen their research stud-
ies. Kravchenko’s book is to be recommended to higher undergraduates, graduates
and postdoctoral researchers.

Wolfgang Sproessig
Freiberg, December 2008



Chapter 1

Introduction

Pseudoanalytic function theory generalizes and preserves many crucial features of
complex analytic function theory. The Cauchy-Riemann system is replaced by a
much more general first-order system with variable coefficients. The foundations
of pseudoanalytic function theory have been created by a considerable number of
mathematicians among whom Lipman Bers and Ilya Vekua played the most promi-
nent role. In the book of I. Vekua [120] and by many other researchers, pseudoan-
alytic functions are called generalized analytic. Nevertheless in the present work
we implement the term “pseudoanalytic” in order to emphasize the fact that we
mainly use the part of the theory developed by L. Bers and his collaborators [13].

Pseudoanalytic function theory found many applications in different fields
of mathematics and mathematical physics. Historically it became one of the im-
portant impulses for developing the general theory of elliptic systems. Here, the
Vekua theory played a more important role due to its tendency to a more general,
operational approach. L. Bers tried to follow more closely the ideas of classical
complex analysis and paid more attention to the efficient construction of solu-
tions. Among other results, L. Bers obtained analogues of the Taylor series for
pseudoanalytic functions and some recursion formulae for constructing general-
izations of the base system 1, z, z2, . . .. The formulae require knowledge of the
Bers generating pair (two special solutions) of the corresponding Vekua equation
describing pseudoanalytic functions as well as generating pairs for an infinite se-
quence of Vekua equations related to the original one. The necessity to count with
an infinite number of exact solutions of different Vekua equations turned out to be
an important obstacle for efficient construction of Taylor series (in formal powers)
for pseudoanalytic functions.

Traditional applications of pseudoanalytic functions include boundary value
problems in elasticity theory and hydrodynamics [120]. This book is dedicated to
other applications. In the recent works of the author [68], [69] and [71] a close
connection between the second-order elliptic equation

( div p grad+q)u = 0 (1.1)
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and a Vekua equation of a special form was presented. This connection is a direct
generalization of a relation which exists between harmonic and analytic functions.
The special form of the arising Vekua equation (which we call the main Vekua
equation) allows us to apply well-developed methods of pseudoanalytic function
theory ([6], [13], [17], [32], [116], [120], [123] and others) and of p-analytic function
theory [103] to the analysis of the corresponding second-order equations.

In the first part of this book, in Chapters 3 and 4 we develop the theory of
series in formal powers for the main Vekua equation and as a consequence the
corresponding theory for equation (1.1). Formal powers were defined by L. Bers
(see [13]) and represent a generalization of the usual powers (z−z0)n which play a
crucial role in the one-dimensional complex analysis. As their name reveals, formal
powers in general are not powers. They behave like (z− z0)n only locally, near the
center, and in fact can be complex functions of a quite arbitrary nature. Neverthe-
less they are solutions of a corresponding Vekua equation and under quite general
conditions represent a complete system of its solutions in the same sense as any
analytic function under quite general and well-known conditions can be approxi-
mated arbitrarily closely by a normally convergent series of complex polynomials.

Extending the original results of L. Bers we present a simple procedure for
explicit construction of formal powers corresponding to the main Vekua equation
in a very general situation [73]. From the relation of the main Vekua equation
to equation (1.1) we obtain that, under quite general conditions, we are able to
construct explicitly a complete system of exact solutions of (1.1). More precisely,
let us consider, e.g., the conductivity equation

div (p gradu) = 0.

Our result then gives us the possibility to construct explicitly a complete system
of solutions of this equation if p has the form

p = Φ(ϕ)Ψ(ψ) (1.2)

where (ϕ, ψ) is an orthogonal coordinate system, Φ and Ψ are arbitrary positive
differentiable functions.

In the case of the stationary Schrödinger equation

(−Δ + q)u = 0, (1.3)

in order to construct a complete system of solutions explicitly we need a particular
solution of this equation of the form (1.2). Note that before this result had been
obtained the knowledge of one particular solution of a second-order equation in two
dimensions like (1.3) had not given much information about the general solution.
We show that one particular solution of (1.3) generates a complete system of
solutions of (1.3) which in a sense and for many purposes represents the general
solution of the equation. We give an introduction to this new method and include
explanation of the theory behind it and some examples of application including
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a numerical method for solving boundary value problems for (1.1) based on the
construction of pseudoanalytic formal powers.

The arsenal of pseudoanalytic function theory includes the integral repre-
sentations for pseudoanalytic functions among which the Cauchy integral formula
is of great importance. As in the case of explicit construction of formal powers,
considerable difficulties arise in the explicit construction of the Cauchy integrals.
Only in some very special cases was the pseudoanalytic Cauchy integral obtained
explicitly. Recently, in [72] a certain progress in this direction was achieved. A
procedure for explicit construction of the Cauchy kernels for an important class
of pseudoanalytic functions was developed. We present it in Chapter 5.

Behind these recent developments in pseudoanalytic function theory there
is a deep and quite universal idea of factorization. The special Vekua equations
closely related to second-order elliptic equations arise as factorizing terms in a
factorization of the operator in (1.1). In relation to this factorization a nonlinear
complex equation of a special form appears which, as we show in Chapter 6, enjoys
many important properties of the ordinary differential Riccati equation. We prove
the generalizations of the famous Euler and Picard theorems as well as some new
features arising in the complex situation.

Another new application of pseudoanalytic function theory is considered in
the second part of the present book and corresponds to the theory of linear second-
order ordinary differential equations. The problem of solving the Sturm-Liouville
equation

(pu′)′ + qu = λru (1.4)

by a known nontrivial solution of the equation

(pu′
0)

′ + qu0 = 0 (1.5)

where p, q, r, u, u0 are complex-valued functions of the real variable x and λ
is an arbitrary complex constant is of fundamental importance due to numerous
situations in mathematical physics where it arises. For example, when the method
of separation of variables is applied to the equation

div(P∇v) + Qv = 0

where P and Q possess some symmetry sufficient for separating variables, very
often one can arrive at the equation (1.4), and it is really desirable to have a
possibility to solve only one equation (1.5) and to derive from its solution the
solution of (1.4). Moreover, in many important cases the solution of (1.5) is known.
For example, consider the conductivity equation

div(P∇v) = 0

and suppose, e.g., that P is a function of one Cartesian variable (for a recent work
motivating this example see [35]). Separation of variables leads to the equation

(Pu′)′ = λu
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and the solution of the corresponding equation (1.5) is given, a particular nontrivial
solution can be chosen as u0 ≡ 1. Thus, to have a method allowing us to transform
u0 into u means a complete solution of the original problem.

There are dozens of works dedicated to the construction of zero-energy solu-
tions of the Schrödinger equation (see, e.g., [23], [24]). With the aid of the results
of the present work these solutions can be used for obtaining solutions for all other
values of λ. Moreover, the presented result is directly applicable to Dirac systems
with scalar potentials as was observed in [62]. These are just some immediate
applications of this result.

We obtain a new representation for solutions of Sturm-Liouville equations
and consider its applications to the solution of initial-value and spectral problems.
This new representation lends itself to numerical computation representing a new
and efficient numerical method for solving Sturm-Liouville problems

The methods of pseudoanalytic function theory presented in this book are
applicable also to important systems of mathematical physics. In the third part
we show how the system describing so-called Beltrami fields as well as the static
Maxwell system for inhomogeneous media can be treated using this technique. The
result is that under quite general conditions a complete system of solutions of both
systems can be obtained explicitly and used for solving corresponding boundary
value problems.

If instead of complex numbers the algebra of hyperbolic numbers is used,
a good deal of pseudoanalytic function theory can be developed along the same
lines. In this case we obtain hyperbolic pseudoanalytic function theory which we
present in Part IV. Instead of the factorization of elliptic second-order operators
we obtain the factorization of the hyperbolic operators, in particular of the Klein-
Gordon operator. As in the elliptic case, formal powers and corresponding solutions
of the Klein-Gordon equation can be obtained explicitly. We present this result in
Chapter 13.

In Part V we discuss other generalizations of pseudoanalytic function theory.
First of all, the development of a bicomplex generalization of this theory due
to applications to second-order equations with complex coefficients as well as to
such objects as the Dirac equation turns out to be very important. Second, it
is clear that some important facts from pseudoanalytic function theory can be
generalized to a multidimensional situation using quaternions or more general
Clifford algebras. We introduce the bicomplex Vekua equation and basic concepts
of bicomplex pseudoanalytic function theory. We show how the Dirac equation
with electromagnetic and scalar potentials is related to this theory. In a special
case of a scalar potential we obtain an infinite system of exact solutions, once more
using the theory of pseudoanalytic formal powers.

In Chapter 16 we consider second-order elliptic equations in a three-dimen-
sional case using quaternionic-analytic tools. The quaternionic factorization of the
Schrödinger operator leads us to a spatial generalization of the main Vekua equa-
tion which possesses properties similar to those of the complex Vekua equation.
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Obviously, the results presented in this book are far from being complete or
final. Much can be done in different directions. This is why we included a section
with a discussion of some open problems related to the results presented in this
book.

The author expresses his gratitude to CONACYT (Mexico) for partial sup-
port of this work.

Querétaro, December 2008



Chapter 2

Definitions and Results
from Bers’ Theory

This chapter is based on notions and results presented in [13] and [14]. Let Ω
be a simply connected domain in R2. We use the complex variables z = x + iy,
ζ = ξ + iη, w = u + iv, etc. Complex conjugates are denoted by bars z = x − iy.
Sometimes we will use the operator of complex conjugation: Cw = w. Functions
of x and y are written as functions of z without implying analyticity. We denote
∂z = 1

2

(
∂
∂x + i ∂

∂y

)
and ∂z = 1

2

(
∂
∂x − i ∂

∂y

)
. The notation wz = ∂zw and wz = ∂zw

will also be used throughout the book.

2.1 Generating pairs and differentiation

The starting point of Lipman Bers’ theory of pseudoanalytic functions is the no-
tion of a generating pair which is a couple of complex functions, independent in
the sense that at any point the value of any complex function defined there can be
represented as a real linear combination of the generating functions. In pseudoan-
alytic function theory they play the same role as 1 and i in the theory of analytic
functions.

Definition 1. A pair of complex functions F and G in Ω, possessing Hölder con-
tinuous1 partial derivatives with respect to the real variables x and y, is said to
be a generating pair if it satisfies the inequality

Im(FG) > 0 in Ω. (2.1)

It follows that for every z0 in Ω and any complex function w defined in z0 we
can find unique real constants λ0 and μ0 such that w(z0) = λ0F (z0) + μ0G(z0).

1See the definition of Hölder continuity in Section 4.3.
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Definition 2. Let the function w be defined in a neighborhood of z0. We say that
at z0 the function w possesses the (F, G)-derivative ẇ(z0) if the (finite) limit

ẇ(z0) = lim
z→z0

w(z) − λ0F (z) − μ0G(z)
z − z0

(2.2)

exists.

Sometimes instead of the notation ẇ for the (F, G)-derivative of w we will
use the notation d(F,G)w

dz .
Set (for a fixed point z0)

W (z) = w(z) − λ0F (z) − μ0G(z),

the real constants λ0 and μ0 being uniquely determined by the condition

W (z0) = 0.

The function W has partial derivatives if and only if w has, and ẇ(z0) exists if
and only if W ′(z0) does. Moreover, if it exists then ẇ(z0) = W ′(z0) where W ′(z0)
is the complex derivative of W at the point z0: W ′(z0) = limz→z0

W (z)−W (z0)
z−z0

.
Hence the existence of Wz(z0), Wz(z0) and the equation

Wz(z0) = 0 (2.3)

are necessary for the existence of ẇ(z0), and the existence and continuity of Wz(z),
Wz(z) for |z − z0| < r together with (2.3) are sufficient.

The function W can be represented in the form

W (z) =

∣∣∣∣∣∣
w(z) w(z0) w(z0)
F (z) F (z0) F (z0)
G(z) G(z0) G(z0)

∣∣∣∣∣∣∣∣∣∣ F (z0) F (z0)
G(z0) G(z0)

∣∣∣∣ , (2.4)

so that (2.3) can be written as∣∣∣∣∣∣
wz(z0) w(z0) w(z0)
Fz(z0) F (z0) F (z0)
Gz(z0) G(z0) G(z0)

∣∣∣∣∣∣ = 0, (2.5)

and if (2.2) exists, then

ẇ(z0) =

∣∣∣∣∣∣
wz(z0) w(z0) w(z0)
Fz(z0) F (z0) F (z0)
Gz(z0) G(z0) G(z0)

∣∣∣∣∣∣∣∣∣∣ F (z0) F (z0)
G(z0) G(z0)

∣∣∣∣ . (2.6)
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The following expressions are known as characteristic coefficients of the pair
(F, G):

a(F,G) = −FGz − FzG

FG − FG
, b(F,G) =

FGz − FzG

FG − FG
,

A(F,G) = −FGz − FzG

FG − FG
, B(F,G) =

FGz − FzG

FG − FG
.

Equations (2.5) and (2.6) can be rewritten in the form

wz = a(F,G)w + b(F,G)w (2.7)

and
ẇ = wz − A(F,G)w − B(F,G)w. (2.8)

Thus the following theorem is valid.

Theorem 3. If ẇ(z0) exists, then at z0, wz and wz exist and equations (2.7), (2.8)
hold. If wz and wz exist and are continuous in some neighborhood of z0, and if
(2.7) holds at z0, then ẇ(z0) exists, and (2.8) holds.

Equation (2.7) is called a Vekua equation (sometimes, Carleman-Vekua equa-
tion).

Note that F and G possess (F, G)-derivatives, Ḟ ≡ Ġ ≡ 0 and the following
equalities which determine the characteristic coefficients uniquely, are valid:

Fz = a(F,G)F + b(F,G)F , Gz = a(F,G)G + b(F,G)G,

Fz = A(F,G)F + B(F,G)F , Gz = A(F,G)G + B(F,G)G.

The Vekua equation (2.7) represents a generalization of the Cauchy-Riemann sys-
tem and the main object of study of pseudoanalytic function theory.

2.2 Pseudoanalytic functions

Definition 4. A function w will be called (F, G)-pseudoanalytic of the first kind in
a domain Ω (or, simply, pseudoanalytic, if there is no danger of confusion) if ẇ
exists everywhere in Ω.

In view of the condition Im(FG) > 0 in Ω, every function w in a domain of
interest admits the unique representation

w = ϕF + ψG

where ϕ and ψ are real-valued. Set

ω = ϕ + iψ.
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The correspondence between w and ω is one-to-one. We denote it by writing

w =∗ ω, ω =∗ w (mod F, G).

Note that
∗(λw1 + μw2) = λ(∗w1) + μ(∗w2)

for any real λ and μ, ∗0 = 0, ∗F = 1, ∗G = i and that in every closed domain Ω,

0 <
1
K

≤
∣∣∣∣ ∗w(z)

w(z)

∣∣∣∣ ≤ K

where the constant K depends only on (F, G) and the domain Ω.

Definition 5. If w is (F, G)-pseudoanalytic of the first kind, the function ω =∗ w
is called (F, G)-pseudoanalytic of the second kind.

In the case of analytic functions, F and G can be chosen as F ≡ 1, G ≡ i,
and hence w coincides with ω.

The following theorem gives us an equation for pseudoanalytic functions of
the second kind as well as a very useful and simple representation for the (F, G)-
derivative of a pseudoanalytic function of the first kind.

Theorem 6. A function ω = ϕ + iψ is (F, G)-pseudoanalytic of the second kind if
and only if ϕ and ψ possess continuous partial derivatives, and

ϕzF + ψzG = 0. (2.9)

If this condition is satisfied, then setting w =∗ ω we have that

ẇ = ϕzF + ψzG. (2.10)

Proof. Consider the function

W (z) = w(z) − λ0F (z) − μ0G(z)

where λ0 = ϕ(z0) and μ0 = ψ(z0), so that

w(z0) = λ0F (z0) + μ0G(z0).

Note that
W (z) = (ϕ(z) − ϕ(z0))F (z) + (ψ(z) − ψ(z0))G(z).

Then

Wz(z) = ϕz(z)F (z) + (ϕ(z) − ϕ(z0))Fz(z) + ψz(z)G(z) + (ψ(z) − ψ(z0))Gz(z)

and hence at z0 we have

Wz(z0) = ϕz(z0)F (z0) + ψz(z0)G(z0).
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In a similar way we obtain that

Wz(z0) = ϕz(z0)F (z0) + ψz(z0)G(z0).

As the Vekua equation
wz = aw + bw (2.11)

at z0 is equivalent to the Cauchy-Riemann condition Wz(z0) = 0, we obtain that
(2.11) is equivalent to (2.9), and due to the equality ẇ(z0) = W ′(z0) we obtain
(2.10). �

Example 7. Let f be a real-valued positive function. Consider F = f , G = i/f .
Then equation (2.9) becomes

ϕzf + ψz
i

f
= 0

which is equivalent to the system

fϕx − 1
f

ψy = 0, fϕy +
1
f

ψx = 0.

This system can be written in the form of a generalized Cauchy-Riemann system
with a “weight”,

ϕx =
1
f2

ψy, ϕy = − 1
f2

ψx.

Note that the system

ux =
1
p
vy, uy = −1

p
vx

where p is a given positive function of x and y is quite well known [103], and
complex functions u + iv satisfying it are called p-analytic.

Thus, (f, i/f)-pseudoanalytic functions of the second kind are f2-analytic.

2.3 Derivatives and integrals of

pseudoanalytic functions

2.3.1 Equivalent generating pairs

Definition 8. Two generating pairs (F, G) and (F̃ , G̃) are called equivalent if

F̃ = a11F + a12G and G̃ = a21F + a22G

where aij are real constants.

The following theorem we give without proof for which we refer to [13].
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Theorem 9.

1. Two generating pairs defined in the same domain are equivalent if and only
if they have the same characteristic coefficients.

2. If (F, G) and (F̃ , G̃) are equivalent, then every (F̃ , G̃)-pseudoanalytic function
of the first kind is (F, G)-pseudoanalytic of the first kind and

d(F,G)w

dz
=

d(F̃ ,G̃)w

dz
.

2.3.2 Vekua’s equation for (F, G)-derivatives

A complex derivative of an analytic function is of course again an analytic function
and both satisfy the Cauchy-Riemann system. The situation is different in the
case of pseudoanalytic functions. The (F, G)-derivative of an (F, G)-pseudoanalytic
function in general is no longer (F, G)-pseudoanalytic. Instead, it satisfies another
Vekua equation, corresponding to another generating pair which is determined as
follows.

Definition 10. Let (F, G) and (F1, G1) be two generating pairs in Ω. (F1, G1) is
called successor of (F, G) and (F, G) is called predecessor of (F1, G1) if

a(F1,G1) = a(F,G) and b(F1,G1) = −B(F,G).

The importance of this definition becomes obvious from the following state-
ment.

Theorem 11. Let w be an (F, G)-pseudoanalytic function and let (F1, G1) be a
successor of (F, G). Then

ẇ =
d(F,G)w

dz

is an (F1, G1)-pseudoanalytic function.

Proof. Set ω =∗ w = ϕ + iψ. Then

ẇ = ϕzF + ψzG (2.12)

and
ϕzF + ψzG = 0,

so that
ϕzF + ψzG = 0. (2.13)

Solving (2.12) and (2.13) we get

ϕz =
Gẇ

FG − FG
and ψz = − Fẇ

FG − FG
. (2.14)
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Note that
ϕzzF + ψzzG + ϕzFz + ψzGz = 0.

Consider

(ẇ)z = ϕzzF + ψzzG + ϕzFz + ψzGz

= ϕzFz + ψzGz − ϕzFz − ψzGz

= ϕzFz + ψzGz −
(
ϕzF z + ψzGz

)
.

Substituting (2.14) into this equality gives

(ẇ)z =
GFz − FGz

FG − FG
ẇ −

(
GF z − FGz

FG − FG

)
ẇ

= aẇ +
GFz − FGz

FG − FG
ẇ

= aẇ − Bẇ. �

Thus, ẇ is a solution of the Vekua equation

(ẇ)z = aẇ − Bẇ.

In order to introduce the notion of pseudoanalytic derivatives of arbitrary
order the following very important definition is necessary.

Definition 12. A sequence of generating pairs {(Fm, Gm)}, m = 0,±1,±2, . . .,
is called a generating sequence if (Fm+1, Gm+1) is a successor of (Fm, Gm). If
(F0, G0) = (F, G), we say that (F, G) is embedded in {(Fm, Gm)}.
Theorem 13. Let (F, G) be a generating pair in Ω. Let Ω1 be a bounded domain,
Ω1 ⊂ Ω. Then (F, G) can be embedded in a generating sequence in Ω1.

For the proof we refer to [13].

Definition 14. A generating sequence {(Fm, Gm)} is said to have period μ > 0 if
(Fm+μ, Gm+μ) is equivalent to (Fm, Gm), that is their characteristic coefficients
coincide.

Let W be an (F, G)-pseudoanalytic function. Using a generating sequence
in which (F, G) is embedded we can define the higher derivatives of W by the
recursion formula

W [0] = W ; W [m+1] =
d(Fm,Gm)W

[m]

dz
, m = 0, 1, . . . .
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2.3.3 Integration

In the proof of Theorem 11 we obtained a couple of auxiliary relations (2.14):

ϕz =
Gẇ

FG − FG
and ψz = − Fẇ

FG − FG
. (2.15)

Now if we want to recover ϕ and ψ (and hence ω and w) from ẇ we should integrate
the expressions in (2.15). Let us consider this question in detail and introduce some
useful notation.

Consider the equation
ϕz = Φ (2.16)

first in a whole complex plane or in a convex domain, where Φ is a complex-valued
function Φ = Φ1 + iΦ2 and ϕ is real-valued. It is easy to see that as this equation
is equivalent to the system

ϕx = 2Φ1 and ϕy = −2Φ2,

it has a solution if only the following compatibility condition is satisfied:

∂yΦ1 + ∂xΦ2 = 0. (2.17)

If this condition is fulfilled, one can reconstruct ϕ up to an arbitrary real constant
in the following way:

ϕ(x, y) = 2
(∫ x

x0

Φ1(η, y)dη −
∫ y

y0

Φ2(x0, ξ)dξ

)
+ c

where (x0, y0) is an arbitrary fixed point in the domain of interest. Note that this
formula can be easily extended to any simply connected domain by considering
the integral along an arbitrary rectifiable curve Γ leading from (x0, y0) to (x, y),

ϕ(x, y) = 2
(∫

Γ

Φ1dx − Φ2dy

)
+ c. (2.18)

By A we denote the integral operator in (2.18):

A[Φ](x, y) = 2
(∫

Γ

Φ1dx − Φ2dy

)
.

Notice that this expression can also be written as

A[Φ](x, y) = 2 Re
∫

Γ

(Φ1 + iΦ2) (dx + idy) = 2 Re
∫

Γ

Φdz. (2.19)

In a similar way we introduce the integral operator

A[Φ](x, y) = 2
(∫

Γ

Φ1dx + Φ2dy

)
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corresponding to the operator ∂z and applied to complex functions whose real and
imaginary parts satisfy the condition

∂yΦ1 − ∂xΦ2 = 0.

Returning to equalities (2.15) we see that to recover ϕ and ψ up to arbitrary real
constants one can apply the operator A to the expressions on the right-hand side.
Thus, we have

ϕ = A

[
Gẇ

FG − FG

]
and ψ = −A

[
Fẇ

FG − FG

]
, (2.20)

and hence

ω = A

[
Gẇ

FG − FG

]
− iA

[
Fẇ

FG − FG

]
up to an additive complex constant which is the value of ω at z0 = (x0, y0), and

w = F · A
[

Gẇ

FG − FG

]
− G · A

[
Fẇ

FG − FG

]
up to an additive term c1F + c2G where c1 and c2 are arbitrary real constants.
Fixing the value of w at z0 = (x0, y0) we find that c1 = ϕ(z0) and c2 = ψ(z0).

Taking into account (2.19) the last two equalities can be written in the fol-
lowing form, preferred in [13]:

ω = Re
∫

Γ

2Gẇdz

FG − FG
− i Re

∫
Γ

2Fẇdz

FG − FG

and

w = F Re
∫

Γ

2Gẇdz

FG − FG
− G Re

∫
Γ

2Fẇdz

FG − FG
.

These formulas lead naturally to the following definitions introduced in [13].

Definition 15. Let (F, G) be a generating pair. Its adjoint generating pair (F, G)∗ =
(F ∗, G∗) is defined by the formulas

F ∗ = − 2F

FG − FG
, G∗ =

2G

FG − FG
.

Definition 16. The (F, G)-*-integral is defined by the equality

∗
∫

Γ

Wd(F,G)z = Re
∫

Γ

G∗Wdz + i Re
∫

Γ

F ∗Wdz

and the (F, G)-integral is defined as∫
Γ

Wd(F,G)z = F (z1) Re
∫

Γ

G∗Wdz + G(z1) Re
∫

Γ

F ∗Wdz (2.21)

where Γ is a rectifiable curve leading from z0 to z1.



18 Chapter 2. Definitions and Results from Bers’ Theory

Definition 17. A continuous function W defined in a domain Ω will be called
(F, G)-integrable if for every closed curve Γ lying in a simply connected subdomain
of Ω, ∮

Γ

Wd(F,G)z = 0.

Theorem 18. An (F, G)-derivative ẇ of an (F, G)-pseudoanalytic function w is
(F, G)-integrable.

Proof. It follows from the path-independence of the integrals in (2.20). �
Theorem 19. Let ẇ be an (F, G)-derivative of an (F, G)-pseudoanalytic function
w in a simply connected domain Ω and Γ ⊂ Ω be a rectifiable curve leading from
z0 to z. Then the following equalities are valid:

∗
∫

Γ

ẇd(F,G)z = ω(z)− ω(z0), ω =∗ w (mod F, G),

∫
Γ

ẇd(F,G)z = w(z) − ϕ(z0)F (z) − ψ(z0)G(z).

Proof. We obtained it earlier as a corollary of relations (2.20). �

The integral
∫ z1

z0
ẇd(F,G)z is called an (F, G)-antiderivative of ẇ.

Theorem 20. Let (F, G) be a predecessor of (F1, G1). A continuous function is
(F1, G1)-pseudoanalytic if and only if it is (F, G)-integrable.

Theorem 21. If W is a continuous function defined in a simply connected do-
main Ω, and if W is (F, G)-integrable, then there exists an (F, G)-pseudoanalytic
function w in Ω, such that

W (z) =
d(F,G)w(z)

dz
.

Proof. Under the hypotheses of the theorem the function

ω = ϕ + iψ = ∗
∫

Γ

Wd(F,G)z

is well defined and possesses continuous partial derivatives (z0 being any fixed
point in Ω). In fact

ϕ = Re
∫

Γ

G∗Wdz =
∫

Γ

GWdz − GWdz

FG − FG

and

ψ = Re
∫

Γ

F ∗Wdz = −
∫

Γ

FWdz − FWdz

FG − FG
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from where it follows that

ϕz =
GW

FG − FG
, ψz = − FW

FG − FG

and

ϕz = − GW

FG − FG
, ψz =

FW

FG − FG
.

Hence
ϕzF + ψzG = 0 and ϕzF + ψzG = W.

From Theorem 6 we obtain that w = ϕF + ψG is (F, G)-pseudoanalytic, and that
ẇ = W . �
Remark 22. Theorem 21 holds also for multiply-connected domains, except that
w may be multiple-valued.

Let us formulate an auxiliary fact concerning the adjoint generating pair
introduced in Definition 15.

Theorem 23.

1. (F, G)∗∗ = (F, G).
2. The following relations between characteristic coefficients hold:

a(F∗,G∗) = −a(F,G), A(F∗,G∗) = −A(F,G),

b(F∗,G∗) = −B(F,G), B(F∗,G∗) = −b(F,G).

Proof. The proof is straightforward. �

Now we prove a statement which is converse with respect to Theorem 11.

Theorem 24. Let (F1, G1) be a successor of (F, G), and let W be an (F1, G1)-
pseudoanalytic function. Then W is (F, G)-integrable and hence an (F, G)-deriva-
tive of (a not necessarily single-valued) (F, G)-pseudoanalytic function.

Proof. Due to Theorem 21 it is sufficient to prove that if Ω is a regular domain2,
and Ω lies within the domain of definition of W , then

∗
∫

∂Ω

Wd(F,G)z = 0. (2.22)

Let (F ∗, G∗) be the adjoint of (F, G). Then

Re
(
∗
∫

∂Ω

Wd(F,G)z

)
= Re

∫
∂Ω

G∗Wdz

2If Ω is bounded and ∂Ω consists of a finite number of piecewise continuously differentiable
simple closed Jordan curves, Ω will be called regular.
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and

Im
(
∗
∫

∂Ω

Wd(F,G)z

)
= Re

∫
∂Ω

F ∗Wdz

for every W . By Theorem 23

F ∗
z = −aF ∗ − BF ∗ and G∗

z = −aG∗ − BG∗

and by hypothesis
Wz = aW − BW

where a, b, and B are the characteristic coefficients of (F, G).
Here we are going to make use of one of the complex versions of the Green-

Gauss integral theorem (see, e.g., [117, Sect. 3.2]) which establishes that for a
regular domain Ω and any complex, continuously differentiable with respect to x
and y, function g defined in Ω the following equality holds:∫

Ω

gzdxdy =
1
2i

∫
∂Ω

gdz.

We have that the integral∫
∂Ω

F ∗Wdz = 2i

∫
Ω

(F ∗W )z dxdy

= 2i

∫
Ω

(−aF ∗W − BF ∗W + F ∗aW − F ∗BW
)
dxdy

= −4i

∫
Ω

Re
(
F ∗BW

)
dxdy

is a pure imaginary number and hence Re
∫

∂Ω
F ∗Wdz = 0. The same reasoning

shows that Re
∫

∂Ω G∗Wdz = 0 so that (2.22) is valid. �



Chapter 3

Solutions of Second-order Elliptic
Equations as Real Components of
Complex Pseudoanalytic Functions

3.1 Factorization of the stationary
Schrödinger operator

It is well known that if f0 is a nonvanishing particular solution of the one-
dimensional stationary Schrödinger equation(

− d2

dx2
+ ν(x)

)
f(x) = 0,

then the Schrödinger operator can be factorized as

d2

dx2
− ν(x) =

(
d

dx
+

f ′
0

f0

)(
d

dx
− f ′

0

f0

)
.

We start with a generalization of this result onto a two-dimensional situation.
Consider the two-dimensional stationary Schrödinger equation

(−Δ + ν) f = 0 (3.1)

in some domain Ω ⊂ R2, where Δ = ∂2

∂x2 + ∂2

∂y2 , ν and f are real-valued functions.
We assume that f is a twice-continuously differentiable function. By C we denote
the complex conjugation operator.

Theorem 25 ([69]). Let f be a positive in Ω particular solution of (3.1). Then for
any real-valued function ϕ ∈ C2(Ω) the following equalities hold:

1
4

(Δ − ν) ϕ =
(

∂z +
fz

f
C

)(
∂z − fz

f
C

)
ϕ =

(
∂z +

fz

f
C

)(
∂z − fz

f
C

)
ϕ.

(3.2)
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Proof. Consider(
∂z +

fz

f
C

)(
∂z − fz

f
C

)
ϕ =

1
4
Δϕ − |∂zf |2

f2
ϕ − ∂z

(
∂zf

f

)
ϕ

=
1
4

(
Δϕ − Δf

f
ϕ

)
=

1
4

(Δ − ν)ϕ. (3.3)

Thus, we have the first equality in (3.2). Now application of C to both sides of
(3.3) gives us the second equality in (3.2). �

The operator ∂z − fz

f I, where I is the identity operator, can be represented
in the form

∂z − fz

f
I = f∂zf

−1I.

Let us introduce the notation P = f∂zf
−1I. Due to Theorem 25, if f is a positive

solution of (3.1), the operator P transforms real-valued solutions of (3.1) into
solutions of the Vekua equation(

∂z +
fz

f
C

)
w = 0. (3.4)

Consider the operator S = fAf−1I applicable to any complex-valued func-
tion w such that Φ = f−1w satisfies condition (2.17). Then it is clear that for such
w we have that PSw = w.

Proposition 26. [70] Let f be a positive particular solution of (3.1) and w be a
solution of (3.4). Then the real-valued function g = Sw is a solution of (3.1).

Proof. First of all let us check that the function Φ = w/f satisfies (2.17). Let
u = Rew and v = Im w. Consider

∂yΦ1 + ∂xΦ2 =
1
f

(
(∂yu + ∂xv) −

(
∂yf

f
u +

∂xf

f
v

))
. (3.5)

Note that equation (3.4) is equivalent to the system

∂xu − ∂yv = −∂xf

f
u +

∂yf

f
v, ∂yu + ∂xv =

∂yf

f
u +

∂xf

f
v

from which we obtain that expression (3.5) is zero. Thus the function Φ satisfies
(2.17) and hence the real-valued function ϕ = A[w/f ] is well defined and satisfies
the equation ∂zϕ = w/f .

Consider the expression

∂z∂z(Sw) = ∂z

(
(∂zf)A

[
w

f

]
+ w

)
=

(
1
4
Δf

)
A

[
w

f

]
+ (∂zf) ∂zA

[
w

f

]
− ∂zf

f
w. (3.6)
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For the expression ∂zA[w
f ] we have

∂zA[
w

f
] = ∂zA[

w

f
] + i∂yA[

w

f
]

=
w

f
− 2i

v

f
=

w

f
(3.7)

where the following observation was used:

∂yA[
u + iv

f
](x, y) = 2

(∫ x

x0

∂y

(
u(η, y)
f(η, y)

)
dη − v(x0, y)

f(x0, y)

)
= −2

(∫ x

x0

∂η

(
v(η, y)
f(η, y)

)
dη − v(x0, y)

f(x0, y)

)
= −2v(x, y)

f(x, y)
.

Thus substitution of (3.7) into (3.6) gives us the equality

Δ(Sw) = νfA[
w

f
] = νSw. �

Proposition 27. [70] Let g be a real-valued solution of (3.1). Then

SPg = g + cf

where c is an arbitrary real constant.

Proof. Consider

SPg = fA∂z

[
g

f

]
= f

(
g

f
+ c

)
= g + cf. �

Theorem 25 together with Proposition 26 show us that equation (3.1) is
equivalent to the Vekua equation (3.4) in the following sense. Every solution of
one of these equations can be transformed into a solution of the other equation
and vice versa.

3.2 Factorization of the operator div p grad+q.

The following statement is known in the form of a substitution (see, e.g., [96]).
Here we formulate it as an operational relation.

Proposition 28. Let p and q be real-valued functions, p ∈ C2(Ω) and p �= 0 in Ω.
Then

div p grad+q = p1/2(Δ − r)p1/2 in Ω, (3.8)

where

r =
Δp1/2

p1/2
− q

p
.
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Proof. The easily verified relation

div p grad = p1/2

(
Δ − Δp1/2

p1/2

)
p1/2 (3.9)

is well known (see, e.g., [118]). Adding to both sides of (3.9) the term q (and
representing it on the right-hand side as p1/2 (q/p) p1/2) gives us (3.8). �

The following statement is a generalization of Theorem 25.

Theorem 29 ([71]). Let p and q be real-valued functions, p ∈ C2(Ω) and p �= 0 in
Ω, u0 be a positive particular solution of the equation

( div p grad+q)u = 0 in Ω. (3.10)

Then for any real-valued twice-continuously differentiable function ϕ the following
equality holds:

1
4
( div p grad+q)ϕ = p1/2

(
∂z +

fz

f
C

)(
∂z − fz

f
C

)
p1/2ϕ, (3.11)

where
f = p1/2u0. (3.12)

Proof. This is based on (3.2). From (3.8) we have that if u0 is a solution of (3.10)
then the function (3.12) is a solution of the equation

(Δ − r)f = 0. (3.13)

Then combining (3.8) and (3.2) we obtain (3.11). �

Remark 30. According to (3.9), Δ−r = f−1 div f2 gradf−1 where f is a solution
of (3.13). Then from (3.8) we have

div p grad+q = p1/2f−1 div f2 gradf−1p1/2. (3.14)

Taking into account (3.12) we obtain

div p grad+q = u−1
0 div pu2

0 gradu−1
0 in Ω.

Remark 31. Let q ≡ 0. Then u0 can be chosen as u0 ≡ 1. Hence (3.11) gives us
the equality

1
4

div(p gradϕ) = p1/2

(
∂z +

∂zp
1/2

p1/2
C

)(
∂z − ∂zp

1/2

p1/2
C

)
(p1/2ϕ).
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In what follows we suppose that in Ω there exists a positive particular solution
of (3.10) which we denote by u0.

Let f be a real function of x and y. Consider the Vekua equation

Wz =
fz

f
W in Ω. (3.15)

This equation plays a crucial role in all that follows, hence we will call it the main
Vekua equation. The operator ∂z − fz

f C corresponding to this equation appears in
the factorization (3.11) as well as in (3.2).

Denote W1 = Re W and W2 = Im W .

Remark 32. [69] Equation (3.15) can be written as

f∂z(f−1W1) + if−1∂z(fW2) = 0. (3.16)

Theorem 33 ([71]). Let W = W1 + iW2 be a solution of (3.15). Then U = f−1W1

is a solution of the conductivity equation

div(f2∇U) = 0 in Ω, (3.17)

and V = fW2 is a solution of the associated conductivity equation

div(f−2∇V ) = 0 in Ω, (3.18)

the function W1 is a solution of the stationary Schrödinger equation

−ΔW1 + r1W1 = 0 in Ω (3.19)

with r1 = Δf/f , and W2 is a solution of the associated stationary Schrödinger
equation

−ΔW2 + r2W2 = 0 in Ω (3.20)

where r2 = 2(∇f)2/f2 − r1 and (∇f)2 = f2
x + f2

y .

Proof. To prove the first part of the theorem we use the form of equation (3.15)
given in Remark 32. Multiplying (3.16) by f and applying ∂z gives

∂z

(
f2∂z

(
f−1W1

))
+

i

4
Δ (fW2) = 0

from where we have that Re
(
∂z

(
f2∂z

(
f−1W1

)))
= 0 which is equivalent to (3.17)

where U = f−1W1.
Multiplying (3.16) by f−1 and applying ∂z gives

1
4
Δ

(
f−1W1

)
+ i∂z

(
f−2∂z (fW2)

)
= 0

from where we have that Re
(
∂z

(
f−2∂z (fW2)

))
= 0 which is equivalent to (3.18)

where V = fW2.
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From (3.9) we have

(Δ − r1) W1 = f−1 div(f2∇ (
f−1W1

)
).

Hence from the just proven equation (3.17) we obtain that W1 is a solution of
(3.19).

In order to obtain equation (3.20) for W2 it should be noticed that

f div(f−2∇(fW2)) = (Δ − r2)W2. �

Remark 34. Observe that the pair of functions

F = f and G =
i

f
(3.21)

are solutions of (3.15) and represent a generating pair corresponding to the Vekua
equation (3.15). This allows us to rewrite (3.15) in the form of an equation for
pseudoanalytic functions of second kind (equation (2.9))

ϕzf + ψz
i

f
= 0, (3.22)

where ϕ and ψ are real-valued functions. If ϕ and ψ satisfy (3.22) then W =
ϕf + ψ i

f is a solution of (3.15) and vice versa.
Denote w = ϕ + ψi. Then from (3.22) we have

(w + w)zf + (w − w)z
1
f

= 0,

which is equivalent to the equation

wz =
1 − f2

1 + f2
wz . (3.23)

The relation between (3.23) and (3.17), (3.18) was observed in [3] and turned out
to be essential for solving the Calderón problem in the plane.

Theorem 35 ([71]). Let W = W1 + iW2 be a solution of (3.15). Assume that
f = p1/2u0, where u0 is a positive solution of (3.10) in Ω. Then u = p−1/2W1 is
a solution of (3.10) in Ω, and v = p1/2W2 is a solution of the equation(

div
1
p

grad+q1

)
v = 0 in Ω, (3.24)

where

q1 = −1
p

(
q

p
+ 2

〈∇p

p
,
∇u0

u0

〉
+ 2

(∇u0

u0

)2
)

. (3.25)
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Proof. According to Theorem 33, the function f−1W1 is a solution of (3.17). From
(3.14) we have that

p−1/2 ( div p grad+q) (p−1/2W1) = f−1 div(f2∇ (
f−1W1

)
)

from which we obtain that u = p−1/2W1 is a solution of (3.10).
In order to obtain the second assertion of the theorem, let us show that

p1/2

(
div

1
p

grad+q1

)
(p1/2ϕ) = f div(f−2∇(fϕ))

for any real-valued ϕ ∈ C2(Ω). According to (3.9),

f div(f−2∇(fϕ)) =
(

Δ − Δf−1

f−1

)
ϕ = (Δ − r2)ϕ.

Straightforward calculation gives us the equality

Δf−1

f−1
=

3
4

(∇p

p

)2

− 1
2

Δp

p
+

〈∇p

p
,
∇u0

u0

〉
− Δu0

u0
+ 2

(∇u0

u0

)2

.

From the condition that u0 is a solution of (3.10) we obtain the equality

−Δu0

u0
=

q

p
+

〈∇p

p
,
∇u0

u0

〉
.

Thus,

Δf−1

f−1
=

3
4

(∇p

p

)2

− 1
2

Δp

p
+ 2

〈∇p

p
,
∇u0

u0

〉
+

q

p
+ 2

(∇u0

u0

)2

.

Notice that
Δp−1/2

p−1/2
=

3
4

(∇p

p

)2

− 1
2

Δp

p
.

Then
Δf−1

f−1
=

Δp−1/2

p−1/2
+ 2

〈∇p

p
,
∇u0

u0

〉
+

q

p
+ 2

(∇u0

u0

)2

.

Now taking q1 in the form (3.25) we obtain the result from (3.8). �

3.3 Conjugate metaharmonic functions

Theorems 33 and 35 show us that as much as real and imaginary parts of a
complex analytic function are harmonic functions, the real and imaginary parts
of a solution of the main Vekua equation (3.15) are solutions of associated sta-
tionary Schrödinger equations, being also related to conductivity equations as
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well as to more general elliptic equations (3.10) and (3.24). The following natu-
ral question arises then. We know that given an arbitrary real-valued harmonic
function in a simply connected domain, a conjugate harmonic function can be
constructed explicitly such that the obtained pair of harmonic functions represent
the real and imaginary parts of a complex analytic function. This corresponds to
the more general fact for solutions of associated stationary Schrödinger equations
(which, slightly generalizing the definition of I.N. Vekua, we call metaharmonic
functions) and of other aforementioned elliptic equations. The precise result for
the Schrödinger equations is given in the following theorem.

Theorem 36 ([69]). Let W1 be a real-valued solution of (3.19) in a simply connected
domain Ω. Then the real-valued function W2, a solution of (3.20) such that W =
W1 + iW2 is a solution of (3.15), is constructed according to the formula

W2 = f−1A(if2∂z(f−1W1)). (3.26)

Given a solution W2 of (3.20), the corresponding solution W1 of (3.19) such
that W = W1 + iW2 is a solution of (3.15), is constructed as

W1 = −fA(if−2∂z(fW2)). (3.27)

Proof. Consider equation (3.15). Let W = φf + iψ/f be its solution. Then the
equation

ψz − if2φz = 0 (3.28)

is valid. Note that if W1 = Re W , then φ = W1/f . Given φ, ψ is easily found from
(3.28):

ψ = A(if2φz).

It can be verified that the expression A(if2φz) makes sense, that is ∂x(f2φx) +
∂y(f2φy) = 0.

By Theorem 33 the function W2 = f−1ψ is a solution of (3.20). Thus we
obtain (3.26). Let us notice that as the operator A reconstructs the real function
up to an arbitrary real constant, the function W2 in the formula (3.26) is uniquely
determined up to an additive term cf−1 where c is an arbitrary real constant.

Equation (3.27) is proved in a similar way. �
Remark 37. When in (3.19) r1 ≡ 0 and f ≡ 1, equalities (3.26) and (3.27) turn into
the well-known formulas in complex analysis for constructing conjugate harmonic
functions.

Corollary 38. [71] Let U be a solution of (3.17). Then a solution V of (3.18) such
that

W = fU + if−1V

is a solution of (3.15), is constructed according to the formula

V = A(if2Uz). (3.29)
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Conversely, given a solution V of (3.18), the corresponding solution U of (3.17)
can be constructed as

U = −A(if−2Vz).

Proof. Consists in substitution of W1 = fU and of W2 = f−1V into (3.26) and
(3.27). �

Corollary 39. [71] Let f = p1/2u0, where u0 is a positive solution of (3.10) in a
simply connected domain Ω and u be a solution of (3.10). Then a solution v of
(3.24) with q1 defined by (3.25) such that W = p1/2u + ip−1/2v is a solution of
(3.15), is constructed according to the formula

v = u−1
0 A(ipu2

0∂z(u−1
0 u)).

Let v be a solution of (3.24), then the corresponding solution u of (3.10) such
that W = p1/2u + ip−1/2v is a solution of (3.15), is constructed according to the
formula

u = −u0A(ip−1u−2
0 ∂z(u0v)).

Proof. Consists in substitution of f = p1/2u0, W1 = p1/2u and W2 = p−1/2v into
(3.26) and (3.27). �

3.4 The main Vekua equation

The results of the preceding section show us that the theory of the elliptic equation

( div p grad+q)u = 0 (3.30)

is closely related to the equation (3.15):

Wz =
fz

f
W. (3.31)

In fact if f = p1/2u0 where u0 is a positive solution of (3.30) in a domain of
interest, then for any solution u of (3.30) there exists a corresponding solution W
of (3.31) such that

u = p−1/2 ReW, (3.32)

and vice versa, given a solution W of (3.31) the function (3.32) will be a solution
of (3.30). As was pointed out in Remark 34, the pair of functions: F = f and
G = i

f is a generating pair for this equation. Then the corresponding characteristic
coefficients A(F,G) and B(F,G) have the form

A(F,G) = 0, B(F,G) =
fz

f
,
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and the (F, G)-derivative according to (2.10) is defined as

Ẇ = Wz − fz

f
W =

(
∂z − fz

f
C

)
W.

Comparing B(F,G) with the coefficient in (3.4) and due to Theorem 11 we
obtain the following statement.

Proposition 40. Let W be a solution of (3.31). Then its (F, G)-derivative, the
function w = Ẇ is a solution of (3.4).

This result can be verified also by a direct substitution.
According to (2.21) and taking into account that

F ∗ = −if and G∗ = 1/f,

the (F, G)-antiderivative has the form∫ z

z0

w(ζ)d(F,G)ζ = f(z) Re
∫ z

z0

w(ζ)
f(ζ)

dζ − i

f(z)
Re

∫ z

z0

if(ζ)w(ζ)dζ

= f(z) Re
∫ z

z0

w(ζ)
f(ζ)

dζ +
i

f(z)
Im

∫ z

z0

f(ζ)w(ζ)dζ, (3.33)

and we obtain the following statement.

Proposition 41. Let w be a solution of (3.4). Then the function

W (z) =
∫ z

z0

w(ζ)d(F,G)ζ

is a solution of (3.31).

From the established relation between the main Vekua equation (3.31) and
the Vekua equation (3.4) for solutions of the latter one, we obtain the following
Cauchy integral theorem.

Theorem 42. Let w be a solution of (3.4) in a domain Ω. Then for every closed
curve Γ situated in a simply connected subdomain of Ω,

Re
∫

Γ

w

f
dz + i Im

∫
Γ

fwdz = 0. (3.34)

Proof. By Theorem 18 w is (F, G)-integrable. That is

Im
∫

Γ

w

f
dz − i Re

∫
Γ

fwdz = 0. �
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3.5 Cauchy’s integral theorem for the
Schrödinger equation

Theorem 43 ([68] (Cauchy’s integral theorem for the Schrödinger equation)). Let
f be a positive solution of (3.1) in a domain Ω and u be another arbitrary real-
valued solution of (3.1) in Ω. Then for every closed curve Γ situated in a simply
connected subdomain of Ω,

Re
∫

Γ

∂z

(
u

f

)
dz + i Im

∫
Γ

f2∂z

(
u

f

)
dz = 0. (3.35)

Proof. Substitution of w = Pu = f∂z(u/f) (see Section 3.1) into (3.34) gives us
the result. �

Remark 44. This theorem is also valid when f ≡ 1 that is for u being a harmonic
function. Then (3.35) turns into the equality

∫
Γ

∂zudz = 0 which is obviously true
because if u is harmonic, then ∂zu is analytic.

In Example 46 we will give a nontrivial example illustrating this theorem.
From Theorem 20 and Theorem 43 we obtain an analogue of the Morera

theorem for the Schrödinger equation (3.1).

Theorem 45. Let f be a positive particular solution of (3.1). A C2-real-valued
function u is a solution of (3.1) as well if (3.35) is valid for every closed curve Γ
situated in a simply connected subdomain of Ω.

Example 46. In order to illustrate the Cauchy integral theorem for the Schrödinger
equation, let us consider the following two functions. Let f(x, y) = exy and as u
we choose the function e−xy. Both f and u are solutions of (3.1) with the same
potential ν(x, y) = x2 + y2 in a whole plane. Thus we can apply Theorem 43 and
consider Γ being, for example, a unit circle with centre at the origin. Then

Re
∫

Γ

∂z

(
u

f

)
dz + i Im

∫
Γ

f2∂z

(
u

f

)
dz

= Re
∫

Γ

(−y + ix)e−2xydz + i Im
∫

Γ

(−y + ix)dz

= Re
∫ 2π

0

i(− sin τ + i cos τ)e−2 cos τ sin τdτ + i Im
∫ 2π

0

i(− sin τ + i cos τ)dτ

= −
∫ 2π

0

cos τ · e−2 cos τ sin τdτ − i

∫ 2π

0

sin τdτ.

It is easy to see that both integrals are equal to zero.
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3.6 p-analytic functions

Definition 47. A function Φ = u + iv of a complex variable z = x + iy is said to
be p-analytic in some domain Ω iff

ux =
1
p
vy, uy = −1

p
vx in Ω (3.36)

where p is a given positive function of x and y which is supposed to be continuously
differentiable.

The theory of p-analytic functions was presented in [103]. p-analytic functions
in a certain sense represent a subclass of pseudoanalytic functions and it should be
noticed that this subclass preserves some important properties of usual analytic
functions which are not preserved by a too ample class of pseudoanalytic functions
(corresponding details can be found in [103]). As we show here (see also Section
5.2) p-analytic functions are closely related to the solutions of the main Vekua
equation. They have found numerous applications in elasticity theory (see, e.g.,
[2], [49]), in problems of fluid dynamics (see, e.g., [47], [48], [101], [102], [127]).

As was pointed out in Remark 34, the function W = φf + iψ/f is a solution
of the main Vekua equation (3.31) if and only if φ and ψ satisfy the equation
(3.22) which is equivalent to the system

φx =
1
f2

ψy, φy = − 1
f2

ψx.

In other words W is a solution of the main Vekua equation iff its corresponding
pseudoanalytic function of the second kind is f2-analytic. Thus, we obtain the
following connection between the stationary Schrödinger equation and the system
defining p-analytic functions.

Theorem 48. Let f be a positive solution of the equation

−Δg + νg = 0 (3.37)

where ν is a real-valued function and let W1 be another real-valued solution of this
equation. Then the function Φ = W1/f + ifW2, where W2 is defined by (3.26) is
an f2-analytic function, and vice versa, let Φ be an f2-analytic function then the
function W1 = f Re Φ is a solution of (3.37).

The following relation between solutions of the conductivity equation and
p-analytic functions is valid also.

Theorem 49. Let f be a positive continuously differentiable function in a domain
Ω and let U be a real-valued solution of the equation

div(f2∇U) = 0 in Ω. (3.38)

Then the function Φ = U + iV is f2-analytic in Ω, where V is defined by (3.29),
and vice versa, let Φ be f2-analytic in Ω then U = Re Φ is a solution of (3.38).
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Thus, solutions of the stationary Schrödinger equation and of the conductiv-
ity equation can be converted into p-analytic functions and vice versa. In some
cases this relation leads to a simplification of a part of p-analytic function theory.

Example 50. One of the most important and intensely studied classes of p-analytic
functions are xk-analytic functions, where k is any integer number (see, e.g., [2],
[27], [47], [59], [99], [100], [103], [126], [127]). Let us see what the form is of the
corresponding Schrödinger equation. For this we should calculate the potential ν
in (3.37) when f = xk/2. It is easy to see that

ν =
k2 − 2k

4x2
. (3.39)

The Schrödinger equation with this potential has been well studied. Separation of
variables leads us to the equation

X ′′(x) +
(

β2 − 4α2 − 1
4x2

)
X(x) = 0, (3.40)

where β2 is the separation constant and α = (k − 1)/2. The function

X(x) =
√

xZα(βx)

is a solution of (3.40) (see [51, 8.491]) where Zα denotes any cylindric function of
order α (Bessel functions of first or second kind). Thus the study of xk-analytic
functions reduces to the Schrödinger equation (3.1) with ν defined by (3.39) which
in its turn, after having separated variables, reduces to a kind of Bessel equation
(3.40).

Example 51. In the work [58] boundary value problems for p-analytic functions
with p = x/(x2 + y2) were studied. Considering

f =
√

p =
√

x

x2 + y2

we see that this function is a solution of the Schrödinger equation (3.1) with ν
having the form

ν = − 1
4x2

.

That is, again we obtain a potential of the form (3.39) where k = 1 and, as was
shown in the previous remark, the study of corresponding p-analytic functions in
a sense reduces to the Bessel equation (3.40).
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Formal Powers

4.1 Definition

A generating sequence defines an infinite sequence of Vekua equations. If for a given
(original) Vekua equation we know not only a corresponding generating pair but
the whole generating sequence, that is a pair of exact and independent solutions for
each of the Vekua equations from the infinite sequence of equations corresponding
to the original one, we are able to construct an infinite system of solutions of the
original Vekua equation as is shown in the next definition. Moreover, as we show
in this chapter, under quite general conditions this infinite system of solutions is
complete.

Definition 52. [13] The formal power Z
(0)
m (a, z0; z) with center at z0 ∈ Ω, coefficient

a and exponent 0 is defined as the linear combination of the generators Fm, Gm

with real constant coefficients λ, μ chosen so that λFm(z0) + μGm(z0) = a. The
formal powers with exponents n = 1, 2, . . . are defined by the recursion formula

Z(n)
m (a, z0; z) = n

∫ z

z0

Z
(n−1)
m+1 (a, z0; ζ)d(Fm,Gm)ζ. (4.1)

This definition implies the following properties.

1. Z
(n)
m (a, z0; z) is an (Fm, Gm)-pseudoanalytic function of z.

2. If a′ and a′′ are real constants, then Z
(n)
m (a′ + ia′′, z0; z) = a′Z(n)

m (1, z0; z) +
a′′Z(n)

m (i, z0; z).
3. The formal powers satisfy the differential relations

d(Fm,Gm)Z
(n)
m (a, z0; z)

dz
= nZ

(n−1)
m+1 (a, z0; z).

4. The asymptotic formulas

Z(n)
m (a, z0; z) ∼ a(z − z0)n, z → z0 (4.2)

hold.
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Due to Property 2 of formal powers we have that Z(n)(a, z0; z) for any coef-
ficient a can be expressed through Z(n)(1, z0; z) and Z(n)(i, z0; z). Thus for any n
it is sufficient to calculate only these two formal powers.

The question on the completeness of the system of formal powers in the
space of all solutions of a certain Vekua equation will be considered in detail in
subsequent sections. Here we give an example of constructed formal powers.

Example 53. Consider the Yukawa equation

(−Δ + c2)u = 0 (4.3)

with c being a real constant. Take the following particular solution of (4.3) f = ecy.
The corresponding main Vekua equation has the form

Wz =
ic

2
W. (4.4)

Note that the generating pair (F, G) = (f(y), i/f(y)) is embedded into a periodic
generating sequence with the period 1. That is in this case the generating sequence
can be chosen in such a way that (Fm, Gm) = (F, G) for any integer m. Let us
construct the first few corresponding formal powers with center at the origin. We
have

Z(0)(1, 0; z) = ecy, Z(0)(i, 0; z) = ie−cy,

Z(1)(1, 0; z) = xecy +
i sinh(cy)

c
, Z(1)(i, 0; z) = − sinh(cy)

c
+ ixe−cy,

Z(2)(1, 0; z) =
(
x2 − y

c

)
ecy +

sinh(cy)
c2

+
2ix sinh(cy)

c
,

Z(2)(i, 0; z) = −2x sinh(cy)
c

+ i

((
x2 +

y

c

)
e−cy − sinh(cy)

c2

)
, . . . .

It is easy to check that each of these functions is indeed a solution of (4.4) and
satisfies the property (4.2). Consider for instance Z(1)(1, 0; z) and use the Taylor
series expansions of the elementary functions involved. We obtain

Z(1)(1, 0; z) = x

(
1 + cy +

(cy)2

2!
+ · · ·

)
+

i

c

(
cy +

(cy)3

3!
+ · · ·

)
= x + iy + x

(
cy +

(cy)2

2!
+ · · ·

)
+

i

c

(
(cy)3

3!
+

(cy)5

5!
+ · · ·

)
∼ z, when z → 0.

Now taking real parts of the formal powers we obtain a complete system of
solutions of the Yukawa equation:

u1(x, y) = ecy, u2(x, y) = xecy, u3(x, y) = − sinh(cy)
c

,
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u4(x, y) =
(
x2 − y

c

)
ecy +

sinh(cy)
c2

, u5(x, y) = −2x sinh(cy)
c

, . . . .

Formal powers of higher order can be constructed explicitly using a computer
algebra system. For this particular example (studied together with Maria Rosaĺıa
Tenorio) Matlab 6.5 allowed us to obtain analytic expressions for the formal powers
up to order ten, which gave us the first twenty-one functions u1, . . . , u21.

The generating pair considered in this example (F, G) = (f(y), i/f(y)) be-
longs to a more general class of generating pairs for which L. Bers found elegant
explicit formulas for corresponding formal powers which we give in the next sec-
tion.

4.2 An important special case

Here following [13] we give explicit formulas for the formal powers in the case when
the generating pair has the form

F (x, y) =
σ(x)
τ(y)

and G(x, y) =
iτ(y)
σ(x)

where σ and τ are real-valued functions of their corresponding variables. For sim-
plicity we assume that z0 = 0 and F (0) = 1. In this case the formal powers are
constructed in an elegant manner as follows. First, denote

X(0)(x) = X̃(0)(x) = Y (0)(y) = Ỹ (0)(y) = 1

and for n = 1, 2, . . . denote

X(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
n

x∫
0

X(n−1)(ξ) dξ
σ2(ξ) for an odd n,

n
x∫
0

X(n−1)(ξ)σ2(ξ)dξ for an even n,

X̃(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
n

x∫
0

X̃(n−1)(ξ)σ2(ξ)dξ for an odd n,

n
x∫
0

X̃(n−1)(ξ) dξ
σ2(ξ) for an even n,

Y (n)(y) =

⎧⎪⎪⎨⎪⎪⎩
n

y∫
0

Y (n−1)(η) dη
τ2(η) for an odd n,

n
y∫
0

Y (n−1)(η)τ2(η)dη for an even n,

Ỹ (n)(y) =

⎧⎪⎪⎨⎪⎪⎩
n

y∫
0

Ỹ (n−1)(η)τ2(η)dη for an odd n,

n
y∫
0

Ỹ (n−1)(η) dη
τ2(η) for an even n.
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Then for a = a′ + ia′′ we have

Z(n)(a, 0, z) =
σ(x)
τ(y)

Re ∗Z(n)(a, 0, z) +
iτ(y)
σ(x)

Im ∗Z(n)(a, 0, z)

where

∗Z(n)(a, 0, z) = a′
n∑

j=0

(
n

j

)
X(n−j)ijY (j) (4.5)

+ ia′′
n∑

j=0

(
n

j

)
X̃(n−j)ijỸ (j) for an odd n

and

∗Z(n)(a, 0, z) = a′
n∑

j=0

(
n

j

)
X̃(n−j)ijY (j) (4.6)

+ ia′′
n∑

j=0

(
n

j

)
X(n−j)ijỸ (j) for an even n.

In Part II we use this elegant and algorithmically simple construction due to Bers
for obtaining a representation for solutions of Sturm-Liouville equations and in
Section 4.8 we present a recent result which allows us to construct a generat-
ing sequence and consequently the corresponding formal powers in a much more
general situation.

4.3 Similarity principle

We will need the following definition.

Definition 54. A function a is said to satisfy a Hölder condition (or to be Hölder
continuous) in a domain Ω if there exist such positive constants C and ε, 0 < ε ≤ 1
that the inequality

|a(z1) − a(z2)| ≤ C |z1 − z2|ε

holds for any two points z1 and z2 of the domain Ω.

For more information and examples regarding Hölder continuous functions
we refer, for example, to [46].

We will consider the Vekua equation

wz = aw + bw (4.7)

with coefficients a and b satisfying a Hölder condition and vanishing identically
outside a large disk. These assumptions are only made for the sake of simplicity and
can be substantially weakened (see [13], [14], [120]). Here we follow the exposition
from [30] and [32].
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Consider the integral

q(z) = Tρ(z) = − 1
π

∫
Ω

ρ(ζ)dξdη

ζ − z
(4.8)

where Ω is a bounded, simply connected domain, ζ = ξ + iη and ρ is a complex-
valued Hölder continuous function defined everywhere and vanishing outside a disk
of radius R.

Theorem 55 (see, e.g., [32]). Let the continuous complex-valued function ρ vanish
identically outside a disk |z| < R and everywhere satisfy the inequality |ρ| ≤ M .
Then

|q(z)| ≤ KM

1 + |z|ε , |q(z1) − q(z2)| ≤ KM |z1 − z2|ε

for any ε such that 0 < ε < 1, where q is defined by (4.8) and the constant K
depends only on ε and R.

If additionally, the function ρ is Hölder continuous in Ω, then q possesses
Hölder continuous partial derivatives and satisfies the equation

qz = ρ in Ω.

Proof. For the detailed proof of this theorem we refer to [30]. �
Theorem 56. A continuous bounded function w defined in Ω is a solution of the
Vekua equation (4.7) if and only if the function

Ψ = w − T [aw + bw] (4.9)

is analytic in Ω.

Proof. Note that T [aw+bw] is Hölder continuous and hence w is Hölder continuous
if and only if Ψ is. Moreover, w is continuously differentiable if and only if Ψ is.
Hence from Theorem 55 we have that, if either Ψ is analytic or w is pseudoanalytic,
then

Ψz = wz − aw − bw = 0 in Ω. �
Theorem 57 (Removable singularity theorem). Let w be pseudoanalytic and bound-
ed for 0 < |z − z0| < r for some number r > 0. Then w can be defined at z0 in
such a way that it is pseudoanalytic in the whole disk |z − z0| < r.

Proof. The proof follows from the preceding theorem, the removable singularity
theorem in analytic function theory and the fact that the integral in (4.9) is un-
changed if a point is removed from its region of integration. �
Theorem 58 (Similarity principle). Let w be pseudoanalytic in a domain Ω. Then
there exists an analytic function Φ defined in Ω and a Hölder continuous function
s defined in Ω such that

w = Φes, (4.10)
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and vice versa, let Φ be an analytic function defined in a domain Ω. Then there
exists a function s, Hölder continuous in Ω such that (4.10) is pseudoanalytic in
Ω. The function s can be constructed in such a way that s(z0) = 0 at any fixed
point z0 ∈ Ω.

Proof. The idea of the proof is simple. Given a pseudoanalytic function w, consider
the functions

s = T

[
a + b

w

w

]
and

Φ = e−sw. (4.11)

Apply ∂z to Φ:

∂zΦ = −∂zs · e−sw + e−swz

= −
(

a + b
w

w

)
e−sw + e−s(aw + bw) = 0.

Thus, Φ is an analytic function in Ω. In order to make this reasoning rigorous we
should prove that s is differentiable and consider the case when w has zeros in Ω.

Assume that w is not identically zero (otherwise there is nothing to prove)
and let Ω0 be the open subset of Ω in which w(z) �= 0, z ∈ Ω0. By Theorem 55,
s is continuously differentiable in Ω0 and therefore application of the operator ∂z

to Φ defined by (4.11) makes sense and Φ is analytic in Ω0. The analyticity of Φ
in Ω\Ω0 is proved with the aid of Theorem 57. We omit this part of the proof,
referring the reader to [30, p. 142] or [32, Chapter 4].

The second part of the theorem is based mainly on the same ideas and can
also be found in [30, p. 142] or [32, Chapter 4]. �

From the similarity principle a variety of function theoretic results for pseu-
doanalytic functions can be deduced.

Corollary 59 (Carleman’s theorem). A pseudoanalytic function which does not
vanish identically has only isolated zeros.

Proof. This follows immediately from Theorem 58 and the corresponding classical
results from analytic function theory. �

Corollary 60 (Liouville’s theorem). A bounded pseudoanalytic function defined in
the entire plane and vanishing at a fixed point z0 of the plane (z0 may be infinity)
is identically zero.

Proof. By Theorem 58, w = Φes where Φ is an entire function and s is bounded
(due to the fact that a and b have compact support). Thus we have that Φ is
bounded and hence, by Liouville’s theorem in analytic function theory, is a con-
stant. Since w(z0) = 0, this constant must be zero, and the corollary follows. �
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Corollary 61 (Maximum modulus theorem). Let w be a pseudoanalytic function
defined in Ω and continuous in Ω. Then there exists a positive constant M ≥ 1
depending only on a and b such that, for z in Ω,

|w(z)| ≤ M max
t∈∂Ω

|w(t)| .

Proof. This follows from Theorem 58 and the maximum modulus principle for
analytic functions. �

4.4 Taylor series in formal powers

Assume now that

W (z) =
∞∑

n=0

Z(n)(an, z0; z) (4.12)

where the absence of the subindex m means that all the formal powers correspond
to the same generating pair (F, G) and the series converges uniformly in some
neighborhood of z0. Based on the similarity principle it can be shown [15] that the
uniform limit of pseudoanalytic functions is pseudoanalytic, and that a uniformly
convergent series of (F, G)-pseudoanalytic functions can be (F, G)-differentiated
term by term. Hence the function W in (4.12) is (F, G)-pseudoanalytic and its rth
derivative admits the expansion

W [r](z) =
∞∑

n=r

n(n − 1) · · · (n − r + 1)Z(n−r)
r (an, z0; z).

From this the Taylor formulas for the coefficients are obtained,

an =
W [n](z0)

n!
. (4.13)

Definition 62. Let W (z) be a given (F, G)-pseudoanalytic function defined for
small values of |z − z0|. The series

∞∑
n=0

Z(n)(an, z0; z) (4.14)

with the coefficients given by (4.13) is called the Taylor series of W at z0, formed
with formal powers.

The Taylor series always represents the function asymptotically:

W (z) −
N∑

n=0

Z(n)(an, z0; z) = O
(
|z − z0|N+1

)
, z → z0, (4.15)
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for all N . This implies (since a pseudoanalytic function can not have a zero of ar-
bitrarily high order without vanishing identically) that the sequence of derivatives{
W [n](z0)

}
determines the function W uniquely.

If the series (4.14) converges uniformly in a neighborhood of z0, it converges
to the function W .

The statements given in this section were obtained by L. Bers [13], [15] and
S. Agmon and L. Bers [1].

Theorem 63 ([13]). The formal Taylor expansion (4.14) of a pseudoanalytic func-
tion in formal powers defined by a periodic generating sequence converges in some
neighborhood of the center.

This theorem means only a local completeness of the system of formal pow-
ers. The following definition due to L. Bers describes the case when corresponding
formal powers represent a globally complete system of solutions of a Vekua equa-
tion much as in the case of usual powers of the variable z and the Cauchy-Riemann
equation.

Definition 64. [13] A generating pair (F, G) is called complete if these functions
are defined and satisfy the Hölder condition for all finite values of z, the limits
F (∞), G(∞) exist, Im(F (∞)G(∞)) > 0, and the functions F (1/z), G(1/z) also
satisfy the Hölder condition. A complete generating pair is called normalized if
F (∞) = 1, G(∞) = i.

A generating pair equivalent to a complete one is complete, and every com-
plete generating pair is equivalent to a uniquely determined normalized pair. The
adjoint of a complete (normalized) generating pair is complete (normalized).

From now on we assume that (F, G) is a complete normalized generating
pair. Then much more can be said on the series of corresponding formal powers.
We limit ourselves to the following completeness results (the expansion theorem
and Runge’s approximation theorem for pseudoanalytic functions).

Following [13] we shall say that a sequence of functions Wn converges nor-
mally in a domain Ω if it converges uniformly on every bounded closed subdomain
of Ω.

Theorem 65. Let W be an (F, G)-pseudoanalytic function defined for |z − z0| < R.
Then it admits a unique expansion of the form W (z) =

∑∞
n=0 Z(n)(an, z0; z) which

converges normally for |z − z0| < θR, where θ is a positive constant depending on
the generating sequence.

The first version of this theorem was proved in [1]. We follow here [15].

Remark 66. Necessary and sufficient conditions for the relation θ = 1 are, unfor-
tunately, not known. However, in [15] the following sufficient conditions for the
case when the generators (F, G) possess partial derivatives are given. One such
condition reads:

|Fz(z)| + |Gz(z)| ≤ Const
1 + |z|1+ε
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for some ε > 0. Another condition is∫ ∫
|z|<∞

(
|Fz |2−ε + |Fz |2+ε + |Gz|2−ε + |Gz |2+ε

)
dxdy < ∞

for some 0 < ε < 1.

4.5 The Runge theorem

The following theorem proved by L. Bers is a generalization of the well-known
Runge theorem from complex analysis.

Theorem 67 ([15]). A pseudoanalytic function defined in a simply connected do-
main can be expanded into a normally convergent series of formal polynomials
(linear combinations of formal powers with positive exponents).

Remark 68. This theorem admits a direct generalization onto the case of a multi-
ply-connected domain (see [15]).

In subsequent works [54], [91], [44] and others, deep results on interpolation
and on the degree of approximation by pseudopolynomials were obtained. For
example,

Theorem 69 ([91]). Let W be a pseudoanalytic function in a domain Ω bounded
by a Jordan curve and satisfy the Hölder condition on ∂Ω with the exponent α
(0 < α ≤ 1). Then for any ε > 0 and any natural n there exists a pseudopolynomial
of order n satisfying the inequality

|W (z) − Pn(z)| ≤ Const
nα−ε

for any z ∈ Ω

where the constant does not depend on n, but only on ε.

4.6 Complete systems of solutions for

second-order equations

In what follows let us suppose that Ω is a bounded simply connected domain and
the positive function f ∈ C1(Ω) is defined in a somewhat bigger domain Ωε with
a sufficiently smooth boundary. Then we change the function f for z ∈ Ωε\Ω and
continue it over the whole plane in such a way that f ≡ 1 for large |z| (see [15])
and f(z) together with f(1/z) satisfy the Hölder condition for all finite values of
z. In this way the generating pair

(F, G) = (f, i/f) (4.16)

becomes complete and normalized.
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Then the following statements are direct corollaries of the relations estab-
lished in Section 3.2 between pseudoanalytic functions (solutions of (3.15)) and
solutions of second-order elliptic equations, and of the convergence theorems from
sections 4.4 and 4.5.

Definition 70. [71] Let u(z) be a given solution of the equation (3.10) defined for
small values of |z − z0|, and let W (z) be a solution of (3.15) constructed according
to Corollary 39, such that ReW = p1/2u. The series

p−1/2(z)
∞∑

n=0

Re Z(n)(an, z0; z)

with the coefficients given by (4.13) is called the Taylor series of u at z0, formed
with formal powers.

Theorem 71 ([71]). Let u(z) be a solution of (3.10) defined for |z − z0| < R. Then
it admits a unique expansion of the form

u(z) = p−1/2(z)
∞∑

n=0

Re Z(n)(an, z0; z)

which converges normally for |z − z0| < R.

Proof. This is a direct consequence of Theorem 65 and Remark 66. Both necessary
conditions in Remark 66 are fulfilled for the generating pair (4.16). �

Theorem 72 ([71]). An arbitrary solution of (3.10) defined in a bounded simply
connected domain Ω where there exists a positive particular solution u0 ∈ C1(Ω)
can be expanded into a normally convergent series of formal polynomials multiplied
by p−1/2.

Proof. This is a direct corollary of Theorem 67. �

More precisely the last theorem has the following meaning. Due to Property
2 of formal powers we have that, for any Taylor coefficient a, the formal power
Z(n)(a, z0; z) can be expressed through Z(n)(1, z0; z) and Z(n)(i, z0; z). Then due to
Theorem 67 any solution W of (3.15) can be expanded into a normally convergent
series of linear combinations of Z(n)(1, z0; z) and Z(n)(i, z0; z). Consequently, any
solution of (3.10) can be expanded into a normally convergent series of linear
combinations of real parts of Z(n)(1, z0; z) and Z(n)(i, z0; z) multiplied by p−1/2.

Obviously, for solutions of (3.10) the results on the interpolation and on the
degree of approximation like, e.g., Theorem 69 are also valid.

Let us stress that Theorem 72 gives us the following result. The functions{
p−1/2(z) Re Z(n)(1, z0; z), p−1/2(z) Re Z(n)(i, z0; z)

}∞

n=0
(4.17)
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represent a complete system of solutions of (3.10) in the sense that any solution
of (3.10) can be represented by a normally convergent series formed by functions
(4.17) in any bounded simply connected domain Ω where a positive solution of
(3.10) exists. Moreover, as we show in Section 4.8, in many practically interesting
situations these functions can be constructed explicitly.

4.7 A remark on orthogonal coordinate systems
in a plane

Orthogonal coordinate systems in a plane are obtained (see [87]) from Cartesian
coordinates x, y by means of the relation

u + iv = Φ(x + iy)

where Φ is an arbitrary analytic function. Quite often a transition to more general
coordinates is useful,

ξ = ξ(u), η = η(v).

ξ and η preserve the property of orthogonality. Some examples taken from [87]
illustrate the point.

Example 73 (Polar coordinates).

u + iv = ln(x + iy),

u = ln
√

x2 + y2, v = arctan
y

x
. (4.18)

Usually the following new coordinates are introduced:

r = eu =
√

x2 + y2, ϕ = v = arctan
y

x
.

Example 74 (Parabolic coordinates).

u + iv√
2

=
√

x + iy,

u =
√

r + x, v =
√

r − x.

More frequently the parabolic coordinates are introduced as

ξ = u2, η = v2.

Example 75 (Elliptic coordinates).

u + iv = arcsin
x + iy

α
,
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sin u =
s1 − s2

2α
, cosh v =

s1 + s2

2α

where s1 =
√

(x + α)2 + y2, s2 =
√

(x − α)2 + y2. The substitution

ξ = sin u, η = cosh v

is frequently used.

Example 76 (Bipolar coordinates).

u + iv = ln
α + x + iy

α − x − iy
,

tanhu =
2αx

α2 + x2 + y2
, tan v =

2αy

α2 − x2 − y2
.

The following substitution is frequently used:

ξ = e−u, η = π − v.

4.8 Explicit construction of a generating sequence

We suppose that the function f in the main Vekua equation (3.15) has the form

f = U(u)V (v) (4.19)

where u and v represent an orthogonal coordinate system and, according to the
explanation in the previous section, we assume that Φ = u+ iv is an analytic func-
tion of the variable z = x + iy. U and V are arbitrary differentiable nonvanishing
real-valued functions.

The present section is based on the results from [73] and structured in the
following way. First we explain how one can naturally arrive at the form of gener-
ating sequences in the main result of the section, Theorem 77 and then we give a
rigorous proof of this result.

The first step in the construction of a generating sequence for the main
Vekua equation (3.15) is the construction of a generating pair for the equation
(3.4) which as was shown in Section 3.4 is a successor of the main Vekua equation.
For this one of the possibilities consists in constructing another pair of solutions of
(3.15). Then their (F, G)-derivatives will give us solutions of (3.4). Let us consider
equation (3.15) in its equivalent form (3.22):

ϕz +
i

f2
ψz = 0 (4.20)

and look for a solution in the form

ϕ = ϕ(u), ψ = ψ(v).
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Then we have the equation

ϕ′(u)uz +
i

f2
ψ′(v)vz = 0.

Taking into account that Φ = u + iv is an analytic function, that is uz + ivz = 0,
we observe that (4.20) is fulfilled if ϕ′(u) = ψ′(v)/f2. Now using (4.19) we obtain
that U2(u)V 2(v) = ψ′(v)/ϕ′(u) and hence

ϕ(u) =
∫

du

U2(u)
and ψ(v) =

∫
V 2(v)dv.

The corresponding solution W1 of (3.15) has the form

W1 =
∫

du

U2(u)
U(u)V (v) +

∫
V 2(v)dv

i

U(u)V (v)
.

Its (F, G)-derivative is obtained according to (2.10) as

Ẇ1 =
V

U
uz + i

V

U
vz =

V

U
Φz .

By analogy, we can look for a solution of (4.20) in the form

ϕ = ϕ(v), ψ = ψ(u).

Then we have the equation

ϕ′(v)vz +
i

f2
ψ′(u)uz = 0.

This equation is fulfilled if ϕ′(v) = −1/V 2(v) and ψ′(u) = U2(u). Consequently,

ϕ(v) = −
∫

dv

V 2(v)
and ψ(u) =

∫
U2(u)du.

The corresponding solution W2 of (3.15) has the form

W2 = −
∫

dv

V 2(v)
U(u)V (v) +

∫
U2(u)du

i

U(u)V (v)

with its corresponding (F, G)-derivative

Ẇ2 = −U

V
vz + i

U

V
uz = i

U

V
Φz.

Write F1 = Ẇ1 and G1 = Ẇ2. It is easy to see that the pair F1, G1 fulfils (2.1)
and by construction satisfies equation (3.4). Thus, (F1, G1) is a successor of (F, G)
defined by (3.21).
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The following step is to construct the generating pair (F2, G2). For this we
should find another pair of solutions of (3.4) and apply the (F1, G1)-derivative to
them. Consider equation (3.4) written in the form

ϕzF1 + ψzG1 = 0

which in our case can be represented as

ϕz
V

U
+ ψzi

U

V
= 0. (4.21)

Again, let us look for a solution in the form

ϕ = ϕ(u), ψ = ψ(v).

Then equation (4.21) is satisfied if ϕ′(u) =
(

U(u)
V (v)

)2

ψ′(v) from which we obtain

ϕ(u) =
∫

U2(u)du and ψ(v) =
∫

V 2(v)dv.

Then the corresponding solution of (3.4) has the form

w1 =
∫

U2(u)duΦz
V (v)
U(u)

+
∫

V 2(v)dvΦz
iU(u)
V (v)

.

Its (F1, G1)-derivative is obtained as

ẇ1 = ΦzUV uz + iΦzUV vz = UV (Φz)
2 .

Analogously, looking for a solution of (4.21) in the form

ϕ = ϕ(v), ψ = ψ(u)

we obtain that

ϕ(v) = −
∫

dv

V 2(v)
and ψ(u) =

∫
du

U2(u)
.

The corresponding solution of (3.4) has the form

w2 = −
∫

dv

V 2(v)
Φz

V (v)
U(u)

+
∫

du

U2(u)
Φz

iU(u)
V (v)

.

Its (F1, G1)-derivative is obtained as

ẇ2 = −Φzvz

UV
+

Φziuz

UV
=

i

UV
(Φz)

2
.
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We have that the pair F2 = ẇ1 and G2 = ẇ2is a successor of (F1, G1). Observe
that

(F1, G1) =
(

Φz

U2
F, U2ΦzG

)
and

(F2, G2) =
(
(Φz)

2
F, (Φz)

2
G
)

.

From these formulae it is easy to guess a general form of the corresponding gen-
erating sequence which we give in the following statement.

Theorem 77 ([73]). Let F = U(u)V (v) and G = i
U(u)V (v) where U and V are

arbitrary differentiable nonvanishing real-valued functions, Φ = u + iv is an ana-
lytic function of the variable z = x + iy in Ω such that Φz is bounded and has no
zeros in Ω. Then the generating pair (F, G) is embedded in the generating sequence
(Fm, Gm), m = 0,±1,±2, . . . in Ω defined as

Fm = (Φz)
m

F and Gm = (Φz)
m

G for even m

and

Fm =
(Φz)

m

U2
F and Gm = (Φz)

m
U2G for odd m.

Proof. First of all let us show that (Fm, Gm) is a generating pair for m = ±1,
±2, . . . . Indeed we have

Im(FmGm) = Im(|Φz|2m FG) > 0.

Consider a(Fm,Gm). For both m being even or odd we obtain

a(Fm,Gm) = |Φz|2m
a(F,G) ≡ 0.

We should verify the equality

b(Fm,Gm) = −B(Fm−1,Gm−1). (4.22)

Consider first the case of an odd m. A direct calculation gives us

b(Fm,Gm) =
(

Φz

Φz

)m (
b(F,G) − 2uz

U ′

U

)
and

B(Fm−1,Gm−1) =
(

Φz

Φz

)m−1

B(F,G).

Thus equality (4.22) is true iff Φz

Φz

(
b(F,G) − 2uz

U ′
U

)
is equal to −B(F,G). It is easy

to see that

B(F,G) = uz

(
U ′

U
− i

V ′

V

)
.
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Consider

Φz

Φz

(
b(F,G) − 2uz

U ′

U

)
=

uz + ivz

uz − ivz

(
U ′

U
uz +

V ′

V
vz − 2uz

U ′

U

)
=

uz

uz

(
−U ′

U
uz +

V ′

V
iuz

)
= uz

(
−U ′

U
+ i

V ′

V

)
.

Thus, equality (4.22) is proved in the case of m being odd.
Now let m be even. Then

b(Fm,Gm) =
(

Φz

Φz

)m

b(F,G)

and

B(Fm−1,Gm−1) =
(

Φz

Φz

)m−1 (
B(F,G) − 2

U ′

U
uz

)
.

Equality (4.22) is valid iff the expression Φz

Φz
b(F,G) is equal to

(
−B(F,G) + 2U ′

U uz

)
.

We have

Φz

Φz

b(F,G) =
uz + ivz

uz − ivz

(
U ′

U
uz +

V ′

V
vz

)
=

uz

uz

(
U ′

U
uz +

V ′

V
iuz

)
= uz

(
U ′

U
+ i

V ′

V

)
and from the other side

−B(F,G) + 2
U ′

U
uz = −uz

(
U ′

U
− i

V ′

V

)
+ 2

U ′

U
uz = uz

(
U ′

U
+ i

V ′

V

)
.

Thus, equality (4.22) is proved in all cases and the sequence (Fm, Gm), m =
0,±1,±2, . . . satisfies the conditions of Definition 12. Therefore it is a generating
sequence. �
Remark 78. This result obviously generalizes the explicit construction of a gener-
ating sequence in the case when u = x and v = y presented in Section 4.2.

The last theorem opens the way for explicit construction of formal powers
corresponding to the main Vekua equation (3.15) in the case when f has the form
(4.19) and hence for explicit construction of complete systems of solutions for
corresponding second-order elliptic equations. We give more details on this as well
as some examples in the next section.

4.9 Explicit construction of complete systems of
solutions of second-order elliptic equations

In Section 4.6 we explained how complete systems of solutions of second-order
elliptic equations can be constructed from systems of formal powers for a corre-
sponding main Vekua equation (3.15). In the preceding section we established a
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result which allows us to make this construction possible in the case when f in
(3.15) has the form (4.19). Then formal powers are constructed simply by Defini-
tion 52 using the generating sequence constructed in Theorem 77. The meaning
of this result for the stationary Schrödinger equation and for the conductivity
equation we discuss separately in the next two subsections.

4.9.1 Explicit construction of complete systems of solutions
for a stationary Schrödinger equation

Consider the equation
−Δg + νg = 0 in Ω (4.23)

where ν is a real-valued function. In order to start the procedure of construction
of a complete system of solutions of this equation we need a positive particular
solution f having the form (4.19).

Example 79. Let ν in (4.23) depend on one Cartesian variable: ν = ν(x). Suppose
we are given a particular solution f = f(x) of the ordinary differential equation

−d2f

dx2
+ νf = 0. (4.24)

This solution is sufficient for the application of our result from the preceding sec-
tion for constructing the corresponding generating sequence and hence the system
of formal powers for the main Vekua equation which in this particular case has
the form

Wz =
fx

2f
W.

Example 80. A number of works (see, e.g., [23] and [24]) are dedicated to con-
struction (in our terms) of a particular solution for the Schrödinger equation with
a radially symmetric potential. This solution f is precisely the only necessary
ingredient in order to obtain a complete system of formal powers and hence of
solutions of the Schrödinger equation. Here an important restriction is that the
analytic function Φz corresponding to the polar coordinate system has the form
1/z and hence our procedure works in any domain not including the origin and
where f is positive.

4.9.2 Complete systems of solutions for the conductivity equation

Consider the equation
div(f2∇g) = 0.

Usually in practical applications the function f is positive and equals 1 outside a
certain disk. We suppose additionally that f is continuously differentiable on the
whole plane. Under these conditions F = f and G = i/f is a complete normalized
generating pair and all the convergence and Runge type results are valid. Using
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results of Section 4.8 one can construct explicitly a complete system of solutions of
the conductivity equation when the function f has the form (4.19) in any domain
where the analytic function Φz from Theorem 77 is bounded and has no zeros.

4.10 Numerical solution of boundary value problems

In the case when Theorem 77 is applicable, the approximate solution of boundary
value problems for the corresponding second-order equation can be done with the
aid of the complete system of its solutions obtained as described in the preceding
section. The numerical solution of the problem is sought in the form of a finite
linear combination of the found exact solutions and the coefficients in the linear
combination are obtained from the boundary conditions.

In Example 53 a complete system of exact solutions for the Yukawa equation
was presented. We used these functions for a numerical solution of the correspond-
ing Dirichlet problem with very satisfactory results. For example, in the case when
Ω is a unit disk with centre at the origin, c = 1 and u on the boundary is equal
to ex (this test exact solution gave us the worst precision because of its obvious
“disparateness” from functions u1, u2 . . .) the maximal error maxz∈Ω |u(z)− ũ(z)|
where u is the exact solution and ũ =

∑21
n=1 anun, the real constants an being

found by the collocation method, was of order 10−7. A very fast convergence of
the method was observed. Although the numerical method based on the usage of
explicitly or numerically constructed pseudoanalytic formal powers still needs a
much more detailed analysis, these results show us that it is quite possible that in
due time it can rank high among other numerical approaches. The use of complete
systems of exact solutions based on pseudoanalytic formal powers has an impor-
tant advantage of universality. The system does not depend on the choice of a
domain whenever the function f continues to have no zeros. The numerical com-
putation of formal powers and of corresponding exact solutions of the second-order
equations can be done with a remarkable precision.

Notice that in [20] the following system of solutions of the Yukawa equation
(4.3) was obtained from completely different reasonings,

u0 = cosh(cy), u1 = x cosh(cy), u2 = x2 cosh(cy) − y

c
sinh(cy),

u3 = x3 cosh(cy) − 3xy

c
sinh(cy), . . . .

The same system is easily obtained (our Matlab program gives symbolic repre-
sentations of these functions up to the subindex 21) if instead of the particular
solution f = ecy considered in Example 53 we choose f = cosh(cy).

In the case of the Helmholtz equation

(Δ + c2)u = 0,
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L.R. Bragg and J.W. Dettman constructed the system

u0 = cos(cy), u1 = x cos(cy), u2 = x2 cos(cy) − y

c
sin(cy),

u3 = x3 cos(cy) − 3xy

c
sin(cy), . . . .

This system is also easily obtained as explained above choosing f = cos(cy).
Thus, the construction of the systems of solutions for the Yukawa and for the

Helmholtz equation as well as the proof of their completeness in [20] are corollaries
of a more general theory presented here.



Chapter 5

Cauchy’s Integral Formula

In this chapter we give information on the Cauchy integral formula for pseudo-
analytic and p-analytic functions and using the results from [72] show how the
Cauchy kernel can be constructed explicitly for xk-analytic functions.

As was mentioned in Section 3.6, one of the most important and intensely
studied classes of p-analytic functions are xk-analytic functions, where k is any
integer number. In spite of its importance and numerous attempts to obtain it
explicitly the corresponding Cauchy integral formula was constructed in two cases
only: when k = 0 (the classical Cauchy integral formula with the Cauchy kernel
1/(z − z0)) and when k = 1. In this case the Cauchy kernel has a complicated
form (see [2], [33], [103]) involving elliptic integrals. We do not present it here, its
simplification is an important task.

Here we introduce a procedure which allows us to obtain explicitly the Cauchy
integral formulas for xk-analytic functions, for any integer k, based on the knowl-
edge of Cauchy kernels in the two above-mentioned cases (k = 0, 1). More pre-
cisely, our approach gives us recursive formulas for consecutive construction of the
Cauchy kernels corresponding to even k starting from the known Cauchy kernel
for k = 0 and to odd k beginning with the Cauchy kernel for k = 1. The procedure
is based on a close relation between p-analytic functions and pseudoanalytic func-
tions satisfying the main Vekua equation as well as on the concept of a transplant
operator introduced in Section 5.3.

5.1 Preliminary information on the Cauchy integral
formula for pseudoanalytic functions

The subject of Cauchy integral formulas for classes of pseudoanalytic functions has
been treated by many different mathematical schools and with implementation of
different notations and techniques. Here we follow the definitions and notations in-
troduced by L. Bers due to their complete structural resemblance with the classical
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results from analytic function theory. Consider the Vekua equation

∂zW = aW + bW (5.1)

in a simply connected, bounded domain Ω where a and b are complex-valued
functions satisfying the Hölder condition up to the boundary. L. Bers (see [13])
proved the existence of a solution w of (5.1) in Ω\{z0} which satisfies the relation

lim
z→z0

w(z)
α(z − z0)−1

= 1 (5.2)

where α is any complex number. This function is denoted as

w(z) = Z(−1)(α, z0, z).

Note that, while no other condition is imposed, this function is not unique. The
following generalization of the Cauchy integral formula is valid.

Theorem 81 ([13]). Let W be a solution of (5.1) defined in a domain Ω bounded by a
simple closed continuously differentiable curve Γ and assume that W is continuous
up to the boundary Γ. Then for any z ∈ Ω the following equality holds:

W (z) =
1
2π

∫
Γ

Z(−1)(iW (ζ)dζ, ζ, z). (5.3)

This integral should be understood in the following sense. If the parametric repre-
sentation of the curve Γ has the form ζ(t), 0 ≤ t ≤ T , then for any function χ
defined on Γ we have∫

Γ

Z(−1)(χ(ζ)dζ, ζ, z) =
∫ T

0

Z(−1)(χ(ζ(t))ζ′(t), ζ(t), z)dt.

Let us stress that in (5.3) any solution of (5.1) in Ω \ {z0} satisfying (5.2) is
acceptable in the role of a Cauchy kernel as in the case of analytic functions for
the Cauchy integral formula in a bounded domain Ω the kernel can be taken, e.g.,
as 1/(z − z0) + w(z), where w is any function analytic in Ω.

The Vekua equations considered in this chapter possess coefficients having
singularities and the natural (physically meaningful) domain of interest Ω does
not coincide with the whole complex plane.

Formal powers, and in particular the first negative formal power Z(−1), enjoy
the following property. If α′ and α′′ are real constants then

Z(−1)(α′ + iα′′, z0, z) = α′Z(−1)(1, z0, z) + α′′Z(−1)(i, z0, z). (5.4)

Thus, in order to be able to write down Z(−1)(α, z0, z) for any complex coefficient
α, which is required for the Cauchy integral formula, we need to construct two
Cauchy kernels:

Z(−1)(1, z0, z) and Z(−1)(i, z0, z).
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We finish this section by noticing that the Cauchy integral from (5.3) possesses
many important properties similar to those of a usual Cauchy integral including
Plemelj-Sokhotski formulas and others, which are indispensable for solving corre-
sponding boundary value problems.

5.2 Relation between the main Vekua equation and
the system describing p-analytic functions

Let us consider the case when a ≡ 0 and b = fz/f where f is a continuously
differentiable real-valued positive function defined in Ω, that is the main Vekua
equation. We write

V := ∂z − fz

f
C

where C is the operator of complex conjugation. We suppose that p = f2 and
introduce the operator

Π := f∂zP
+ +

1
f

∂zP
−,

where P± := 1
2 (I ± C) and I is the identity operator. We have that the equation

Πω = 0 (5.5)

is equivalent to the system

ϕx =
1
f2

ψy, ϕy = − 1
f2

ψx (5.6)

where ϕ = Re ω and ψ = Im ω.
We write

B := fP+ +
1
f

P−.

Then it is easy to see that

B−1 =
1
f

P+ + fP−.

Proposition 82 ([72]).
VB = Π.

Proof. Consider(
∂z − fz

f
C

)(
fP+ +

1
f

P−
)

= f∂zP
+ + fzP

+ +
1
f

∂zP
− − fz

f2
P− − fzP

+ +
fz

f2
P− = f∂zP

+ +
1
f

∂zP
− = Π.

Here we used the fact that CP+ = P+ and CP− = −P−. �



58 Chapter 5. Cauchy’s Integral Formula

This proposition gives us a simple relation between the Vekua operator V and
the operator Π corresponding to the system (5.6) describing p-analytic functions
(with p = f2) and in particular means that, if a function W satisfies the main
Vekua equation (

∂z − fz

f
C

)
W = 0, (5.7)

then its corresponding pseudoanalytic function of the second kind ω = B−1W is
a solution of (5.6).

Remark 83. From Proposition 82 we have also that

V = ΠB−1.

Let us suppose that we have Z
(−1)
f (1, z0, z) and Z

(−1)
f (i, z0, z) where the

subindex reflects the fact that these Cauchy kernels are solutions of (5.7). Then
we can consider the Cauchy integral in (5.3):

CfW (z) =
1
2π

∫
Γ

Z
(−1)
f (iW (ζ)dζ, ζ, z)

and hence we have the following Cauchy integral formula for p-analytic functions.

Theorem 84 ([72]). Let ω be a solution of (5.5) defined in a domain Ω bounded by a
simple closed continuously differentiable curve Γ and assume that ω is continuous
up to the boundary Γ. Then for any z ∈ Ω the following equality holds:

ω(z) = B−1CfBω(z). (5.8)

Proof. Consider the Cauchy integral formula for solutions of (5.7), W = CfW and
substitute W = Bω. Then application of B−1 gives the result. �

5.3 The transplant operator

In this section we introduce a new concept which leads to a construction of Cauchy
kernels for xk-analytic functions. Consider the main Vekua equation (5.7) where
f is a positive solution of the stationary Schrödinger equation

(−Δ + ν)f = 0 in Ω (5.9)

with a real-valued coefficient ν. In Theorem 33 it was shown that if W is a solution
of (5.7) then its real part W1 is necessarily a solution of (5.9), meanwhile its
imaginary part W2 is a solution of the Schrödinger equation

(−Δ + η)h = 0 in Ω (5.10)
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where η = 2(∇f)2/f2 − ν. Moreover according to Theorem 36, given a solution
W1 of (5.9) the corresponding (metaharmonic conjugate) function W2 such that
W = W1 + iW2 be a solution of (5.7) can be constructed explicitly:

W2 = f−1A(if2∂z(f−1W1)). (5.11)

Now let g be another positive solution of (5.9) and consider the corresponding
Vekua equation

wz =
gz

g
w in Ω. (5.12)

We have that both Re W (where W is a solution of (5.7)) and Rew satisfy (5.9),
meanwhile Im W and Imw satisfy the following, in general different Schrödinger
equations,

(−Δ + η1) Im W = 0 in Ω

and
(−Δ + η2) Im w = 0 in Ω

where η1 = 2(∇f)2/f2 − ν and η2 = 2(∇g)2/g2 − ν.
Now we introduce an operator which transforms solutions of (5.7) into solu-

tions of (5.12) acting in the following way:

Tf,g[W ] = P+W + ig−1A(ig2∂z(g−1P+W )). (5.13)

Its application makes the imaginary part of a solution of (5.7) drop out and be
substituted by an imaginary part constructed according to Theorem 36 in such a
way that after this “transplant” operation the new complex function w = Tf,g[W ]
becomes a solution of (5.12). This is why we call the operator Tf,g the transplant
operator.

Assigning a fixed value in a certain point of the domain of interest to the
result of application of A, we obtain an invertible one-to-one map establishing a
relation between solutions of (5.7) and (5.12). The inverse to Tf,g is given by the
expression

T−1
f,g [w] = Tg,f [w] = P+w + if−1A(if2∂z(f−1P+w)).

Example 85. As an example of application of Tf,g we construct the Cauchy kernel
for solutions of the equation

wz =
1
2x

w (5.14)

starting from the analytic Cauchy kernel 1/ (z − z0). Let f ≡ 1 and g = x. Both
of them obviously satisfy the same stationary Schrödinger equation which in this
case turns to be the Laplace equation. The main Vekua equation in this particular
case is just the Cauchy-Riemann system Wz = 0. The Vekua equation (5.12) takes
the form (5.14). We will consider it in the right half-plane C+ (Re z > 0). Now
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take the function W = 1/ (z − z0) with z0 = x0 + iy0 being any point in C+ and
apply to it the transplant operator (5.13). Thus, we consider the distribution

w(z) =
x − x0

|z − z0|2
+

i

x
A

(
ix2∂z

(
x − x0

x |z − z0|2
))

.

We have

∂z

(
x − x0

x |z − z0|2
)

=
x0

2x2 |z − z0|2
+

(x0 − x) (z − z0)
x |z − z0|4

.

In order to apply the operator A to the function ix2∂z

(
x−x0

x|z−z0|2
)

we separate its
real and imaginary parts and arrive at the equality

A

(
ix2∂z

(
x − x0

x |z − z0|2
))

= 2

(∫ x

x1

η(η − x0)(y − y0)dη

((η − x0)2 + (y − y0)2)
2 +

x0

2

∫ y

y1

dξ

(x1 − x0)2 + (ξ − y0)2

−x1(x1 − x0)2
∫ y

y1

dξ

((x1 − x0)2 + (ξ − y0)2)
2

)
+ c1.

Evaluation of the three integrals and their substitution gives us the result

A

(
ix2∂z

(
x − x0

x |z − z0|2
))

= −x(y − y0)

|z − z0|2
+ arctan

x − x0

y − y0
+ c.

Thus, the Cauchy kernel corresponding to the Vekua equation (5.14) has the form

1
z − z0

+
i

x

(
arctan

x − x0

y − y0
+ c

)
where we can choose the real constant c to be equal to zero and thus, the Cauchy
kernel Z

(−1)
x (1, z0, z) turns out to be the distribution

Z(−1)
x (1, z0, z) =

1
z − z0

+
i

x
arctan

x − x0

y − y0
. (5.15)

5.4 Cauchy integral formulas for xk-analytic functions

The procedure from [72] described in this section for obtaining in explicit form the
Cauchy integral representations for xk-analytic functions is based on the following
simple observation.
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Remark 86. For any k ∈ R the functions x−k and xk+1 both are solutions of the
Schrödinger equation (

−Δ +
k(k + 1)

x2

)
h(x, y) = 0.

Now we are ready to describe the procedure. All the equations in this sec-
tion are considered in an arbitrary domain Ω ⊂ C+ bounded by a simple closed
continuously differentiable curve. Assume we have a Cauchy kernel Z

(−1)

xk (a, z0; z)
for equation (5.7) with f = xk. Then iZ

(−1)

xk (a, z0, z) is a Cauchy kernel for (5.7)
with f = x−k. Its asymptotic behavior at z0 is ∼ ia/(z − z0). That is,

Z
(−1)

x−k (ia, z0, z) = iZ
(−1)

xk (a, z0, z).

Consider g = xk+1. From Remark 86 we have that between (5.7) with f = x−k and
(5.12) with g = xk+1 there is a relation established with the aid of the transplant
operator (5.13). Thus applying Tf,g to iZ

(−1)

xk (a, z0, z) we obtain a Cauchy kernel
for equation (5.12). Its asymptotic behavior at z0 is again ∼ ia/(z − z0). Hence

Z
(−1)

xk+1(ia, z0, z) = Tx−k,xk+1 [iZ(−1)

xk (a, z0, z)]. (5.16)

Thus, the described procedure allows us to obtain in explicit form the Cauchy
integral formula for solutions of (5.7) with f = xk+1 from the knowledge of the
Cauchy kernel corresponding to f = xk.

Let us return to xk-analytic functions. Assume k is even: k = 2j, j =
0, 1, 2, . . .. Then the coefficient in the corresponding main Vekua equation (5.7)
contains f = xj . As was described above the Cauchy kernel in this case can be
constructed recursively from the analytic Cauchy kernel 1/(z − z0). We will give
more details and examples below. If k is odd: k = 2j + 1, j = 0, 1, 2, . . ., the
coefficient in the corresponding main Vekua equation (5.7) contains f = xj+1/2.
The Cauchy kernel in this case (j = 1, 2, . . .) can be obtained recursively from
the Cauchy kernel for f = x1/2 following the procedure described above. As was
mentioned in the introduction the Cauchy kernel for f = x1/2 is known, though
it has a quite complicated form involving elliptic integrals. More precisely, this
Cauchy kernel was constructed (see [2], [33]) for the Vekua equation

∂zw − 1
2(z + z)

(w + w) = 0

which is related to (5.7) with f = x1/2 as follows w =
√

xW . We will not dwell
upon the case of odd exponents k here, the purpose of this chapter is to introduce
and illustrate the techniques for obtaining new Cauchy kernels from the known
ones. We discuss application of our method in the case of even k, the corresponding
integrals can be evaluated analytically and the Cauchy kernels can be presented in
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a simple and explicit form (we give examples in the case k = 2 and k = 4). Thus, we
consider equation (5.7) with f = xj , j = 0, 1, 2, . . .. Note that the coefficient in the
main Vekua equation (5.7) has the form j/(2x), j = 0, 1, 2, . . .. As was explained
in Section 5.1, for each j in fact we need to construct two Cauchy kernels

Z
(−1)
xj (1, z0, z) and Z

(−1)
xj (i, z0, z).

In Example 85 proceeding from 1/(z − z0) we constructed Z
(−1)
x (1, z0, z). In a

similar way taking now i/(z − z0) we construct Z
(−1)
x (i, z0, z):

Z(−1)
x (i, z0, z) = T1,x

(
i

z − z0

)
=

y − y0

|z − z0|2
+

i

x
A

(
ix2∂z

(
y − y0

x |z − z0|2
))

.

(5.17)
We have

A

(
ix2∂z

(
y − y0

x |z − z0|2
))

=
x0(x − x0) − (y − y0)

2

|z − z0|2
+ ln

1
|z − z0| + c.

Choosing c = 0 and substituting this expression into (5.17) we arrive at the result

Z(−1)
x (i, z0, z) =

i

z − z0
+

i

x
ln

1
|z − z0| . (5.18)

Thus, from here and from (5.15) we have

Z(−1)
x (α, z0, z) = α′Z(−1)

x (1, z0, z) + α′′Z(−1)
x (i, z0, z)

=
α

z − z0
+

i

x

(
α′ arctan

x − x0

y − y0
+ α′′ ln

1
|z − z0|

)
where α is an arbitrary complex number, α′ = Re α and α′′ = Im α. We can use
the freedom to add an arbitrary constant to the expression in the parentheses in
order to rewrite this Cauchy kernel also in the form

Z(−1)
x (α, z0, z) =

α

z − z0
+

i

x
Im

(
α ln

1
z − z0

)
.

Thus, we have obtained the Cauchy kernel for equation (5.14) which ac-
cording to Theorem 84 allows us to write down the Cauchy integral formula for
x2-analytic functions. The next step is the calculation of Z

(−1)
x2 (α, z0, z) using

Z
(−1)
x (α, z0, z). This will give us a Cauchy kernel for the equation

wz =
1
x

w (5.19)



5.4. Cauchy integral formulas for xk-analytic functions 63

and hence the Cauchy integral formula for x4-analytic functions. According to
(5.16) we have

Z
(−1)
x2 (1, z0, z) = Tx−1,x2 [−iZ(−1)

x (i, z0, z)] = Tx−1,x2

[
1

z − z0
+

1
x

ln
1

|z − z0|
]

and

Z
(−1)
x2 (i, z0, z) = Tx−1,x2 [iZ(−1)

x (1, z0, z)] = Tx−1,x2

[
i

z − z0
− 1

x
arctan

x − x0

y − y0

]
.

We have

Z
(−1)
x2 (1, z0, z) =

x − x0

|z − z0|2
+

1
x

ln
1

|z − z0|

+
i

x2
A

(
ix4∂z

(
1
x2

(
x − x0

|z − z0|2
+

1
x

ln
1

|z − z0|

)))
(5.20)

and

Z
(−1)
x2 (i, z0, z) =

y − y0

|z − z0|2
− 1

x
arctan

x − x0

y − y0

+
i

x2
A

(
ix4∂z

(
1
x2

(
y − y0

|z − z0|2
− 1

x
arctan

x − x0

y − y0

)))
. (5.21)

Evaluation of the corresponding integrals gives us the result

A

(
ix4∂z

(
1
x2

(
x − x0

|z − z0|2
+

1
x

ln
1

|z − z0|

)))

= 3(y − y0)(ln |z − z0| − 1) + 3x0 arctan
x − x0

y − y0
− x2 (y − y0)

|z − z0|2
+ c1

and

A

(
ix4∂z

(
1
x2

(
y − y0

|z − z0|2
− 1

x
arctan

x − x0

y − y0

)))

= −3x0 ln |z − z0| − 3x +
x2 (x − x0)
|z − z0|2

+ 3(y − y0) arctan
x − x0

y − y0
+ c2.

Choosing c1 = c2 = 0 and substituting these expressions into (5.20) and (5.21) we
obtain

Z
(−1)
x2 (1, z0, z) =

1
z − z0

+
1
x

(
1 − 3i(y − y0)

x

)
ln

1
|z − z0|

− 3iy

x2
+

3ix0

x2
arctan

x − x0

y − y0
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and

Z
(−1)
x2 (i, z0, z) =

i

z − z0
− 1

x

(
1 − 3i(y − y0)

x

)
arctan

x − x0

y − y0

− 3i

x
+

3ix0

x2
ln

1
|z − z0| .

It is not difficult to verify by a direct substitution that both functions are
indeed solutions of (5.19) in C+ \ z0. Combining them we can write down the
Cauchy kernel for the Vekua equation (5.19) in the form

Z
(−1)
x2 (α, z0, z) = α′Z(−1)

x2 (1, z0, z) + α′′Z(−1)
x2 (i, z0, z)

=
α

z − z0
+

3ix0

x2
Im

(
α ln

1
z − z0

)
− 3i

x2
Im (αz)

+
1
x

(
1 − 3i(y − y0)

x

)
Re

(
α ln

1
z − z0

)
.

The constructed Cauchy kernel gives us the Cauchy integral formula for x4-analytic
functions (see Theorem 84). The procedure can be continued and the Cauchy inte-
gral representations for xj-analytic functions can be obtained for higher exponents
j. It is sufficiently simple and can be implemented with the aid of a package of
symbolic calculation.



Chapter 6

Complex Riccati Equation

6.1 Preliminary notes

The ordinary differential Riccati equation

u′ = pu2 + qu + r (6.1)

has received a great deal of attention since a particular version was first studied by
Count Riccati in 1724, owing to both its specific properties and the wide range of
applications in which it appears. For a survey of the history and classical results on
this equation, see for example [34] and [107]. This equation can be always reduced
to its canonical form (see, e.g., [18], [56]),

y′ + y2 = v, (6.2)

and this is the form that we will consider.
One of the reasons for which the Riccati equation has so many applications

is that it is related to the general second-order homogeneous differential equation.
In particular, the one-dimensional Schrödinger equation

− d2

dx2
u + v(x)u = 0 (6.3)

is related to (6.2) by the easily inverted substitution

y =
u′

u
, u = e

∫
y.

This substitution, which as its most spectacular application reduces Burger’s
equation to the standard one-dimensional heat equation, is the basis of the well-
developed theory of logarithmic derivatives for the integration of nonlinear dif-
ferential equations [89]. A generalization of this substitution will be used in this
work.



66 Chapter 6. Complex Riccati Equation

A second relation between the one-dimensional Schrödinger equation and the
Riccati equation is as follows. The one-dimensional Schrödinger operator can be
factorized in the form

− d2

dx2
+ v(x) = −

(
d

dx
+ y(x)

)(
d

dx
− y(x)

)
(6.4)

if and only if (6.2) holds. This observation is a key to a vast area of research
related to the factorization method (see, e.g., [93] and [94]) and to the Darboux
transformation (see, e.g., [90], [97] and [112]). Here we consider a result similar to
(6.4) but already in a two-dimensional setting.

Among the peculiar properties of the Riccati equation stand out two theorems
of Euler, dating from 1760. The first of these states that if a particular solution
y0 of the Riccati equation is known, the substitution y = y0 + z reduces (6.2) to a
Bernoulli equation which in turn is reduced by the substitution z = 1

u to a first-
order linear equation. Thus given a particular solution of the Riccati equation, it
can be linearized and the general solution can be found in two integrations. The
second of these theorems states that given two particular solutions y0, y1 of the
Riccati equation, the general solution can be found in the form

y =
ky0 exp(

∫
y0 − y1) − y1

k exp(
∫

y0 − y1) − 1
(6.5)

where k is a constant. That is, given two particular solutions of (6.2), the general
solution can be found in one integration.

Other interesting properties are those discovered by Weyr and Picard ([122],
[34]). The first is that given a third particular solution y3, the general solution can
be found without integrating. That is, an explicit combination of three particular
solutions gives the general solution. The second is that given a fourth particular
solution y4, the cross ratio

(y1 − y2)(y3 − y4)
(y1 − y4)(y3 − y2)

is a constant. Thus the derivative of this ratio is zero, which holds if and only if
the numerator of the derivative is zero, that is, if and only if

(y1 − y4)(y3 − y2)((y1 − y2)(y3 − y4))′ − (y1 − y2)(y3 − y4)((y1 − y4)(y3 − y2))′ = 0.

Dividing by (y1−y2)(y3−y4)(y1−y4)(y3−y2), we see that Picard’s theorem
is equivalent to the statement

(y1 − y2)′

y1 − y2
+

(y3 − y4)′

y3 − y4
− (y1 − y4)′

y1 − y4
− (y3 − y2)′

y3 − y2
= 0. (6.6)

In this chapter we study the equation

∂zQ + |Q|2 = v (6.7)
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where z is a complex variable, ∂z = 1
2 (∂x + i∂y), Q is a complex-valued function

of z and v is a real-valued function. Note that this equation is different from the
complex Riccati equation studied in dozens of works where it is supposed to have
the form (6.1) with complex analytic coefficients p, q and r and a complex analytic
solution u (see, e.g., [53]). We do not suppose analyticity of the complex functions
involved and show that equation (6.7), unlike the equation considered in [53], is
related to the two-dimensional stationary Schrödinger equation in a similar way as
the ordinary Riccati and Schrödinger equations are related in dimension 1. More-
over, we establish generalizations of the Euler and Picard theorems and obtain
some other results which are essentially two-dimensional, for example, an analogue
of the Cauchy integral theorem for solutions of the complex Riccati equation (6.7).

Equation (6.7) first appeared in [68] as a reduction to a two-dimensional
case of the spatial factorization of the stationary Schrödinger operator which was
studied in a quaternionic setting in [9], [11], [63], [64], [66], [68] and later on using
Clifford analysis in [10] and [36].

The ordinary Riccati equation is at the heart of many analytical and nu-
merical approaches to problems involving the one-dimensional Schrödinger and
Sturm-Liouville equations. Here we furnish a complete structural analogy between
dimensions 1 and 2 regarding the relationship between the Schrödinger and the
Riccati equations. Besides, the deep similarity between the ordinary Riccati equa-
tion and (6.7) strongly suggests that many known applications of the ordinary
Riccati equation can be generalized to the two-dimensional situation and many
new aspects such as Theorem 94 will become manifest.

The results discussed in this chapter have been obtained together with K.V.
Khmelnytskaya and presented in [60].

6.2 The two-dimensional stationary Schrödinger
equation and the complex Riccati equation

Consider the complex differential Riccati equation

∂zQ + |Q|2 =
ν

4
(6.8)

where for convenience the factor 1/4 was included. We recall that ν is a real-valued
function. Together with this equation we consider the stationary Schrödinger equa-
tion

(−Δ + ν)u = 0 (6.9)

where u is real-valued. Both equations are studied in a domain Ω ⊂ C.

Theorem 87. Let u be a solution of (6.9). Then its logarithmic derivative

Q =
uz

u
(6.10)

is a solution of (6.8).
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Proof. It is only necessary to substitute (6.10) into (6.8). �

Remark 88. Any solution of equation (6.8) fulfils (2.17). Indeed, the imaginary
part of (6.8) reads

∂yQ1 + ∂xQ2 = 0.

Theorem 89. Let Q be a solution of (6.8). Then the function

u = eA[Q] (6.11)

is a solution of (6.9).

Proof. Equation (6.9) can be written in the form

(4∂z∂z − ν)u = 0.

Taking u in the form (6.11) where Q is a solution of (6.8) and using the observation
that

∂z(A[Q]) = ∂z(A[Q]) = Q,

we have
∂z∂zu = ∂z

(
QeA[Q]

)
= eA[Q]

(
∂zQ + |Q|2

)
=

ν

4
u. �

Observe that this theorem means that if Q is a solution of (6.8) then there
exists a solution u of (6.9) such that (6.10) is valid. Theorems 87 and 89 are direct
generalizations of the corresponding facts from the one-dimensional theory.

The following statement is a generalization of the one-dimensional factoriza-
tion (6.4).

Theorem 90. Given a complex function Q, for any real-valued twice-continuously
differentiable function ϕ the following equality is valid:

1
4

(Δ − ν) ϕ = (∂z + QC)(∂z − QC)ϕ (6.12)

= (∂z + QC)(∂z − QC)ϕ

if and only if Q is a solution of the Riccati equation (6.8).

Proof. Consider

(∂z + QC)(∂z − QC)ϕ =
1
4
Δϕ − |Q|2 ϕ − Qzϕ

from which it is seen that (6.12) is valid iff Q is a solution of (6.8). The second
equality in (6.12) is obtained by applying C to both sides of the first equality. �
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6.3 Generalizations of classical theorems

In this section we give generalizations of both Euler’s theorems for the Riccati
equation as well as of Picard’s theorem.

Theorem 91 (First Euler’s theorem). Let Q0 be a bounded particular solution of
(6.8). Then (6.8) reduces to the following first-order (real-linear) equation

Wz = Q0W (6.13)

in the following sense. Any solution of (6.8) has the form

Q =
∂z Re W

Re W

and vice versa, any solution of (6.13) can be expressed via a corresponding solution
Q of (6.8) as

W = eA[Q] + ie−A[Q0]A
[
ie2A[Q0]∂ze

A[Q−Q0]
]
. (6.14)

Proof. Let Q0 be a bounded solution of (6.8). Then by Theorem 89 we have that
there exists a nonvanishing real-valued solution f of (6.9) such that Q0 = fz/f .
Hence (6.13) has the form (3.15). Now, let Q be any solution of (6.8). Then again
Q = uz/u where u is a solution of (6.9). According to Theorem 36, u is a real part
of a solution W of (3.15). Thus we have proved the first part of the theorem.

Let W = u + iv be any solution of (6.13) (u = Re W ). Then u is a solution
of (6.9) and by Theorem 87 it can be represented in the form u = eA[Q] where
Q is a solution of (6.8). Then by Theorem 36 (formula (3.26)), W has the form
(6.14). �

Thus the Riccati equation (6.8) is equivalent to a main Vekua equation of
the form (3.15).

In what follows we suppose that in the domain of interest Ω there exists a
bounded solution of (6.8).

Theorem 92 (Second Euler’s theorem). Any solution Q of equation (6.8) defined
for |z − z0| < R can be represented in the form

Q =
∑∞

n=0 QneA[Qn]∑∞
n=0 eA[Qn]

(6.15)

where {Qn}∞n=0 is the set of particular solutions of the Riccati equation (6.8) ob-
tained as follows:

Qn(z) =
∂z Re Z(n)(an, z0, z)

Re Z(n)(an, z0, z)
,

Z(n)(an, z0, z) are formal powers corresponding to equation (6.13) and both series
in (6.15) converge normally for |z − z0| < R.
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Proof. By the first Euler theorem we have

Q =
∂z Re W

Re W

where W is a solution of (6.13). From Theorem 65 we obtain

Q(z) =
∂z

∑∞
n=0 Re Z(n)(an, z0; z)∑∞

n=0 Re Z(n)(an, z0; z)
.

Every formal power Z(n)(an, z0; z) corresponds to a solution of (6.8):

Qn(z) =
∂z Re Z(n)(an, z0; z)

Re Z(n)(an, z0; z)

or Re Z(n)(an, z0; z) = eA[Qn](z) from where we obtain (6.15). �

In the next statement we give a generalization of Picard’s theorem in the
form (6.6).

Theorem 93 (Picard’s theorem). Let Qk, k = 1, 2, 3, 4 be four solutions of (6.8).
Then

∂z(Q1 − Q2) + 2i Im(Q1Q2)
Q1 − Q2

+
∂z(Q3 − Q4) + 2i Im(Q3Q4)

Q3 − Q4

− ∂z(Q1 − Q4) + 2i Im(Q1Q4)
Q1 − Q4

− ∂z(Q3 − Q2) + 2i Im(Q3Q2)
Q3 − Q2

= 0.

Proof. Obviously,

(Q1 + Q4) + (Q3 + Q2) − (Q1 + Q2) − (Q3 + Q4) = 0.

Multiplying each parenthesis by 1 = (Qi − Qj)/(Qi − Qj) we obtain the equality

(Q1 + Q4)(Q1 − Q4)
(Q1 − Q4)

+
(Q3 + Q2)(Q3 − Q2)

(Q3 − Q2)

− (Q1 + Q2)(Q1 − Q2)
(Q1 − Q2)

− (Q3 + Q4)(Q3 − Q4)
(Q3 − Q4)

= 0.

Using

(Qi + Qj)(Qi − Qj) = ∂z(Qj − Qi) − QiQj + QiQj

the result is obtained. �
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6.4 Cauchy’s integral theorem

Theorem 94 (Cauchy’s integral theorem for the complex Riccati equation). Let
Q0 and Q1 be bounded solutions of (6.8) in Ω. Then for every closed curve Γ lying
in a simply connected subdomain of Ω,

Re
∫

Γ

(Q1 − Q0) eA[Q1−Q0]dz + i Im
∫

Γ

(Q1 − Q0) eA[Q1+Q0]dz = 0. (6.16)

Proof. From Theorem 89 we have that f = eA[Q0] and u = eA[Q1] are solutions of
(6.9). Now, applying Theorem 43 we obtain

Re
∫

Γ

∂z(
u

f
)dz + i Im

∫
Γ

f2∂z(
u

f
)dz = 0

for every closed curve Γ situated in a simply connected subdomain of Ω, which
gives us the equality

Re
∫

Γ

∂z(eA[Q1−Q0])dz + i Im
∫

Γ

e2A[Q0]∂z(eA[Q1−Q0])dz = 0.

From this we obtain the result. �

As a particular case let us analyze the Riccati equation (6.8) with ν ≡ 0
which is related to the Laplace equation. If in (6.16) we assume that Q0 ≡ 0, then
(6.16) takes the form ∫

Γ

Q1e
A[Q1]dz = 0.

This is obviously valid because if Q1 is another bounded solution of the Riccati
equation with ν ≡ 0, then according to Theorem 89 we have that u = eA[Q1] is a
harmonic function and the last formula turns into the equality∫

Γ

uzdz = 0 (6.17)

(uz is analytic).
Now, if in (6.16) we assume that Q1 ≡ 0, then (6.16) takes the form

Re
∫

Γ

Q0e
−A[Q0]dz + i Im

∫
Γ

Q0e
A[Q0]dz = 0.

Rewriting this equality in terms of the harmonic function f = eA[Q0] we obtain

Re
∫

Γ

fzdz

f2
+ i Im

∫
Γ

fzdz = 0

which taking into account (6.17) becomes the equality

Re
∫

Γ

fzdz

f2
= 0
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or which is the same,

Re
∫

Γ

∂z

(
1
f

)
dz = 0. (6.18)

This equality is a simple corollary of a complex version of the Green-Gauss theorem
(see, e.g., [117, sect. 3.2]) according to which we have

1
2i

∫
Γ

∂z

(
1
f

)
dz =

∫
Ω

∂z∂z

(
1
f

)
dxdy.

For f real the right-hand side is real-valued and we obtain (6.18).



Chapter 7

A Representation for Solutions of
the Sturm-Liouville Equation

The Sturm-Liouville equation

(pu′)′ + qu = ω2u

is one of the canonical and main objects of study in classical mathematical physics.
Its theory has a long history and is quite well developed (see, e.g., [86], [129]).

This part of the book is dedicated to a new representation for solutions of the
Sturm-Liouville equation which was obtained in [74] with the aid of pseudoanalytic
function theory and allows us to reduce corresponding spectral problems to a
problem of finding zeros of analytic functions. The fact that a Sturm-Liouville
problem is equivalent to finding zeros of a corresponding analytic function has been
known since long ago. Nevertheless, given a spectral Sturm-Liouville problem, how
to construct the associated analytic function of ω whose zeros coincide with the
eigenvalues was an open question. Here we show how the Taylor coefficients of
this analytic function can be obtained explicitly and discuss different applications
including a numerical method based on this result.

The main result of this part is formulated in Section 7.8, before we explain
how it is obtained using the results of the preceding chapters. In Chapter 8 we
discuss some applications of the main result including spectral problems and the
Darboux transformation.

7.1 Solving the one-dimensional Schrödinger equation

Consider the equation
(−∂2

x + q(x))g(x) = 0. (7.1)

We suppose that q and g are real-valued functions and that on some interval
Ix of the independent variable x there exists a bounded nonvanishing solution
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g0 ∈ C2(Ix) such that 1/g0 is also bounded. For simplicity we suppose that the
interval Ix includes the point x = 0 and that g0(0) = 1. Our first goal is to solve
the equation

(−∂2
x + q(x) ± ω2)u(x) = 0

for any real constant ω. We start with the “+”-case.

7.2 The “+”-case

Consider the equation
(−∂2

x + q(x) + ω2)u(x) = 0. (7.2)

Let us notice that for the equation

(−Δ + q(x) + ω2)U(x, y) = 0 (7.3)

where Δ = ∂2
x + ∂2

y we can immediately propose a particular solution, e.g.,

f(x, y) = g0(x)eωy . (7.4)

This function does not have zeros on any rectangular domain Ω = Ix × Iy where
Iy is an arbitrary finite interval of the variable y. For simplicity we assume that
the origin z = 0 is an internal point of the domain Ω. According to Theorem 36,
any solution of (7.3) is a real part of a solution of the main Vekua equation (3.15)
where f is defined by (7.4). Moreover, a generating pair for this Vekua equation
has the form

F (x, y) = f(x, y) = g0(x)eωy

and
G(x, y) = i/f(x, y) = ig−1

0 (x)e−ωy .

Now using the results from Subsection 4.2 we can construct the formal powers
corresponding to equation (3.15) and to this generating pair. We have that

Z(n)(a, 0, z) = g0(x)eωy Re ∗Z(n)(a, 0, z) + ig−1
0 (x)e−ωy Im ∗Z(n)(a, 0, z)

where ∗Z(n)(a, 0, z) are constructed according to formulas (4.5) and (4.6) where
σ(x) = g0(x) and τ(y) = e−ωy.

We know that any solution W of (3.15) in Ω can be represented in the form

W (z) =
∞∑

n=0

Z(n)(an, 0, z)

and hence any solution U of (7.3) has the form

U(x, y) =
∞∑

n=0

Re Z(n)(an, 0, z) (7.5)

= g0(x)eωy
∞∑

n=0

(
a′

n Re ∗Z(n)(1, 0, z) + a′′
n Re ∗Z(n)(i, 0, z)

)
.
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Observe that solutions of (7.2) are also solutions of (7.3). Consequently, for any
solution u of (7.2) there exists a set of real numbers {a′

n, a′′
n}∞n=0 such that

u(x) = g0(x)eωy
∞∑

n=0

(
a′

n Re ∗Z(n)(1, 0, z) + a′′
n Re ∗Z(n)(i, 0, z)

)
. (7.6)

In other words there exist such sets of coefficients {a′
n, a′′

n}∞n=0 that

∂y

(
eωy

∞∑
n=0

(
a′

n Re ∗Z(n)(1, 0, z) + a′′
n Re ∗Z(n)(i, 0, z)

))
≡ 0. (7.7)

Obviously, if this condition is fulfilled, the resulting function (7.6) is a solution of
(7.2).

Let us analyze equation (7.7). First of all we have that, for an odd n,

∗Z(n)(1, 0, z) =
n∑

j=0

(
n

j

)
X(n−j)ijY (j),

∗Z(n)(i, 0, z) = i

n∑
j=0

(
n

j

)
X̃(n−j)ij Ỹ (j)

and for an even n,

∗Z(n)(1, 0, z) =
n∑

j=0

(
n

j

)
X̃(n−j)ijY (j),

∗Z(n)(i, 0, z) = i
n∑

j=0

(
n

j

)
X(n−j)ij Ỹ (j).

Thus, we obtain for an odd n,

Re ∗Z(n)(1, 0, z) =
n∑

even j=0

(
n

j

)
X(n−j)ijY (j),

Re ∗Z(n)(i, 0, z) =
n∑

odd j=1

(
n

j

)
X̃(n−j)ij+1Ỹ (j)

and for an even n,

Re ∗Z(n)(1, 0, z) =
n∑

even j=0

(
n

j

)
X̃(n−j)ijY (j),

Re ∗Z(n)(i, 0, z) =
n∑

odd j=1

(
n

j

)
X(n−j)ij+1Ỹ (j).

It is somewhat more convenient for what follows to rewrite these formulas in the



78 Chapter 7. Sturm-Liouville Equation

following equivalent form⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Re ∗Z(n)(1, 0, z) =

n∑
odd k=1

(
n

k

)
X(k)in−kY (n−k),

Re ∗Z(n)(i, 0, z) =
n∑

even k=0

(
n

k

)
X̃(k)in−k+1Ỹ (n−k)

for an odd n (7.8)

and⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Re ∗Z(n)(1, 0, z) =

n∑
even k=0

(
n

k

)
X̃(k)in−kY (n−k),

Re ∗Z(n)(i, 0, z) =
n∑

odd k=1

(
n

k

)
X(k)in−k+1Ỹ (n−k)

for an even n. (7.9)

We recall that

Y (n)(y) =

⎧⎪⎪⎨⎪⎪⎩
n

y∫
0

Y (n−1)(η)e2ωηdη for an odd n,

n
y∫
0

Y (n−1)(η)e−2ωηdη for an even n,

Ỹ (n)(y) =

⎧⎪⎪⎨⎪⎪⎩
n

y∫
0

Ỹ (n−1)(η)e−2ωηdη for an odd n,

n
y∫
0

Ỹ (n−1)(η)e2ωηdη for an even n.

Thus, from (7.8) and (7.9) we have⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂y Re ∗Z(n)(1, 0, z) = e−2ωy

n∑
odd k=1

(n − k)
(

n

k

)
X(k)in−kY (n−k−1),

∂y Re ∗Z(n)(i, 0, z) = e−2ωy
n∑

even k=0

(n − k)
(

n

k

)
X̃(k)in−k+1Ỹ (n−k−1)

for an odd n (7.10)

and⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂y Re ∗Z(n)(1, 0, z) = e−2ωy

n∑
even k=0

(n − k)
(

n

k

)
X̃(k)in−kY (n−k−1),

∂y Re ∗Z(n)(i, 0, z) = e−2ωy
n∑

odd k=1

(n − k)
(

n

k

)
X(k)in−k+1Ỹ (n−k−1)

for an even n > 0. (7.11)
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Now returning to equation (7.7) we observe that it is equivalent to the equation
∞∑

n=0

(
a′

n

(
ω Re ∗Z(n)(1, 0, z) + ∂y Re ∗Z(n)(1, 0, z)

)
+ a′′

n

(
ω Re ∗Z(n)(i, 0, z) + ∂y Re ∗Z(n)(i, 0, z)

))
= 0.

from which using (7.8), (7.9) and (7.10), (7.11) we obtain that (7.7) can be written
as

a′
0ω +

∞∑
even n=2

(a′
n

n∑
even k=0

in−k

(
n

k

)
X̃(k)(ωY (n−k) + (n − k)Y (n−k−1)e−2ωy)

+ a′′
n

n∑
odd k=1

in−k+1

(
n

k

)
X(k)(ωỸ (n−k) + (n − k)Ỹ (n−k−1)e−2ωy))

+
∞∑

odd n=1

(a′
n

n∑
odd k=1

in−k

(
n

k

)
X(k)(ωY (n−k) + (n − k)Y (n−k−1)e−2ωy)

+ a′′
n

n∑
even k=0

in−k+1

(
n

k

)
X̃(k)(ωỸ (n−k) + (n − k)Ỹ (n−k−1)e−2ωy)) = 0.

(7.12)

In order that this equality hold identically, the expressions corresponding to dif-
ferent X(n) and X̃(n) for all n should vanish identically. Combining all terms
multiplied by X̃(0) we obtain the equation

a′
0ω +

∞∑
even n=2

a′
nin(ωY (n) + nY (n−1)e−2ωy)

+
∞∑

odd n=1

a′′
nin+1(ωỸ (n) + nỸ (n−1)e−2ωy) = 0. (7.13)

Gathering all terms multiplied by X(1) we obtain the second equation
∞∑

even n=2

a′′
ninn(ωỸ (n−1) + (n − 1)Ỹ (n−2)e−2ωy)

+
∞∑

odd n=1

a′
nin−1n(ωY (n−1) + (n − 1)Y (n−2)e−2ωy) = 0

which can be rewritten as

a′
1ω +

∞∑
even n=2

a′
n+1i

n(n + 1)(ωY (n) + nY (n−1)e−2ωy)

+
∞∑

odd n=1

a′′
n+1i

n+1(n + 1)(ωỸ (n) + nỸ (n−1)e−2ωy) = 0. (7.14)
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Gathering all terms multiplied by X̃(2), X(3), . . . we obtain an infinite system
of equations which fortunately we do not need to solve. Here we are reasoning
along the following lines. First of all we observe that if such sets of coefficients
{a′

n, a′′
n}∞n=0 exist that all the equations derived from (7.12) are satisfied, they do

not depend on functions X(n) and X̃(n) but only on Y (n) and Ỹ (n). Thus, they can
be constructed independently of the concrete form of g0 and hence of the potential
q. Second, we know that such sets of coefficients exist. This is due to our earlier
observation that solutions of (7.2) are also solutions of (7.3) and hence they can
be written in the form (7.5).

These two arguments lead to the following surprising solution. We can take
any q, for example, q ≡ 0 and any pair of independent solutions of the resulting
Schrödinger equation (7.2) and to obtain their corresponding sets of coefficients.
These two sets will be universal in the sense that the general solution of (7.2)
for any other q will be constructed with the aid of this pair of sets of coefficients
just by changing the generating function g0 and obtaining a corresponding system
of functions X(n) and X̃(n). On first glance this conclusion can appear against
intuition, nevertheless its more detailed analysis as well as the final result convince
us that it is really natural. Thus, in the next subsection we construct such a pair
of sets of Taylor coefficients (in formal powers).

7.3 Two sets of Taylor coefficients

Here we consider the case q ≡ 0. Then the Schrödinger equation (7.2) becomes

(−∂2
x + ω2)u(x) = 0. (7.15)

Note that the corresponding equation (7.1) has the form ∂2
xg(x) = 0 and possesses

a suitable particular solution satisfying all the requirements (see the beginning of
Section 7) g0 ≡ 1. Then f = eωy and the main Vekua equation in this case has
the form

Wz =
iω

2
W. (7.16)

Let us take two independent solutions of (7.15) u+(x) = eωx and u−(x) = e−ωx.
First, we obtain the set of coefficients {a′

n, a′′
n}∞n=0 for the function u+. The first

step consists in constructing the corresponding conjugate metaharmonic function
v+ (see Theorem 36)

v+ = e−ωyA(ie2ωy∂ze
ω(x−y)) = e−ωyA(

ω

2
(1 + i)eω(x+y)).

We have
A(

ω

2
(1 + i)eω(x+y)) = eω(x+y) + c.

We choose c = 0, then v+ = eωx. Thus, one of the solutions of the main Vekua
equation (7.16) such that u+ = eωx is its real part has the form

W+ = (1 + i)eωx. (7.17)



7.4. Solution of the one-dimensional Schrödinger equation 81

Now, in order to construct its corresponding Taylor coefficients (in formal powers)
we notice that A(F,G) = 0 and B(F,G) = −iω/2 (here F = eωy and G = ie−ωy).
Thus, the operation of the (F, G)-derivative has the form

Ẇ = Wz +
iω

2
W.

For the function (7.17) we have

Ẇ+ = ω(1 + i)eωx, Ẅ+ = ω2(1 + i)eωx, . . .

and it is easy to see that the n-th (F, G)-derivative of W+ has the form

W+[n] = ωnW+.

We obtain that the Taylor coefficients (in formal powers) of the function (7.17) at
the origin have the simple form

a+
n =

ωn

n!
(1 + i). (7.18)

In a similar way we study the case of the function u−. The corresponding pseu-
doanalytic function W− has the form W− = (1 − i)e−ωx, and the corresponding
Taylor coefficients at the origin are

a−
n =

(−ω)n

n!
(1 − i). (7.19)

Let us notice that from the fulfillment of (7.13) with the coefficients of the form
(7.18) or (7.19) there follows the fulfillment of (7.14) and of all subsequent equa-
tions corresponding to X̃(2), X(3), etc. This is because of the fact that a±

n+1 =
±ω
n+1a±

n .

7.4 Solution of the one-dimensional

Schrödinger equation

Now with the aid of the sets of coefficients (7.18) and (7.19) we proceed in obtaining
the general solution of (7.2) with any potential q for which a solution g0 of (7.1)
satisfying the nonzero and boundedness requirements exists. From (7.6) we have
that the general solution of (7.2) has the form

u = c1u1 + c2u2

where c1 and c2 are arbitrary real constants and u1, u2 are defined as

u1(x) = g0(x)eωy
∞∑

n=0

ωn

n!

(
Re ∗Z(n)(1, 0, z) + Re ∗Z(n)(i, 0, z)

)
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and

u2(x) = g0(x)eωy
∞∑

n=0

(−ω)n

n!

(
Re ∗Z(n)(1, 0, z)− Re ∗Z(n)(i, 0, z)

)
,

which according to (7.8) and (7.9) can be written in the form

u1(x) = g0(x)eωy

( ∞∑
even n=0

ωn

n!

( n∑
even k=0

in−k

(
n

k

)
X̃(k)Y (n−k)

+
n∑

odd k=1

in−k+1

(
n

k

)
X(k)Ỹ (n−k)

)

+
∞∑

odd n=1

ωn

n!

( n∑
odd k=1

in−k

(
n

k

)
X(k)Y (n−k)

+
n∑

even k=0

in−k+1

(
n

k

)
X̃(k)Ỹ (n−k)

))
and

u2(x) = g0(x)eωy

( ∞∑
even n=0

ωn

n!

( n∑
even k=0

in−k

(
n

k

)
X̃(k)Y (n−k)

−
n∑

odd k=1

in−k+1

(
n

k

)
X(k)Ỹ (n−k)

)

−
∞∑

odd n=1

ωn

n!

( n∑
odd k=1

in−k

(
n

k

)
X(k)Y (n−k)

−
n∑

even k=0

in−k+1

(
n

k

)
X̃(k)Ỹ (n−k)

))
.

As we know that both expressions are independent of y, in order to simplify them
we can substitute any value of y. Of course, the easiest way is to substitute y = 0
because by definition all Y (n)(0) and Ỹ (n)(0) for n ≥ 1 are equal to zero, and
Y (0)(0) = Ỹ (0)(0) = 1. Thus, finally we obtain

u1(x) = g0(x)
( ∞∑

even n=0

ωn

n!
X̃(n) +

∞∑
odd n=1

ωn

n!
X(n)

)
(7.20)

and

u2(x) = g0(x)
( ∞∑

even n=0

ωn

n!
X̃(n) −

∞∑
odd n=1

ωn

n!
X(n)

)
(7.21)

where
X̃(0) ≡ 1, X(0) ≡ 1, (7.22)
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X̃(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
n

x∫
0

X̃(n−1)(ξ)g2
0(ξ)dξ for an odd n,

n
x∫
0

X̃(n−1)(ξ)g−2
0 (ξ)dξ for an even n,

(7.23)

X(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
n

x∫
0

X(n−1)(ξ)g−2
0 (ξ)dξ for an odd n,

n
x∫
0

X(n−1)(ξ)g2
0(ξ)dξ for an even n.

(7.24)

In the next subsection we validate this result by a direct substitution into equa-
tion (7.2).

7.5 Validating the result

In order to substitute (7.20) and (7.21) or equivalently

v1(x) = g0(x)
∞∑

even n=0

ωn

n!
X̃(n) and v2(x) = g0(x)

∞∑
odd n=1

ωn

n!
X(n)

into equation (7.2) we first make some helpful observations.
It is well known that a nonvanishing solution g0 of (7.1) allows us to factorize

the Schrödinger operator as

∂2
x − q(x) =

(
∂x +

g′0
g0

)(
∂x − g′0

g0

)
. (7.25)

The first-order operators in their turn can be factorized as well, so we obtain

∂2
x − q = g−1

0 ∂xg2
0∂xg−1

0 .

Now let us consider v1. By definition, for an even n we have

X̃(n)(x) = n

x∫
0

X̃(n−1)(ξ)
dξ

g2
0(ξ)

.

Thus, application of the operator ∂2
x − q to g0X̃

(n) for an even n and n ≥ 2 (for
n = 0 the result is zero) gives us(

∂2
x − q

) (
g0X̃

(n)
)

= g−1
0 ∂xg2

0∂xX̃(n) = ng−1
0 ∂xX̃(n−1)

= (n − 1)ng0X̃
(n−2).
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Then (
∂2

x − q
)
v1 = g0

∞∑
even n=2

ωn

(n − 2)!
X̃(n−2)

= ω2g0

∞∑
even n=0

ωn

n!
X̃(n) = ω2v1.

In a similar way one can verify that v2 is a solution of (7.2) as well. Note that
according to the general result formulated in Subsection 4.2, both series in v1

and v2 are uniformly convergent on the interval Ix. This fact can be quite easily
verified as well by estimating the integrals in X̃(n) and X(n) by the supremum of
the functions g2

0 and g−2
0 multiplied by successive antiderivatives of x.

7.6 The “−” case

Consider the equation
(−∂2

x + q(x) − ω2)u(x) = 0 (7.26)

and the corresponding two-dimensional equation

(−Δ + q(x) − ω2)U(x, y) = 0. (7.27)

Its particular solution can be chosen as

f(x, y) = g0(x) cos ωy

which is different from zero on the rectangular domain Ω = Ix × (− π
2ω , π

2ω ). In
order to obtain the general solution of (7.26) in fact we should only obtain two
sets of Taylor coefficients as in Subsection 7.3. For this, once more we take q ≡ 0
and consider two linearly independent solutions of the equation (∂2

x +ω2)u(x) = 0,
u+(x) = cosωx and u−(x) = sin ωx. The next step is to construct v+ and v−. We
have

v+ =
1

cosωy
A

(
i cos2 ωy∂z

(
cosωx

cosωy

))
= − sinωx tan ωy

(we have fixed the arbitrary constant as zero). Thus,

W+ = cosωx − i sinωx tan ωy.

In a similar way we obtain

W− = sinωx + i cosωx tan ωy.

Noting that the definition of the (F, G)-derivative in this case has the form

Ẇ = Wz − iω

2
tan ωyW
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we obtain the relations Ẇ+ = −ωW− and Ẇ − = ωW+ and hence the following
formulas for the corresponding Taylor coefficients in formal powers in the origin

a+
n =

(iω)n

n!
for an even n and a+

n = 0 for an odd n,

a−
n = 0 for an even n and a−

n =
−i(iω)n

n!
for an odd n.

Thus we arrive at the following general solution of equation (7.26) for any potential
q admitting a particular solution g0 with the described above properties:

u = c1u1 + c2u2

with

u1(x) = g0(x)
∞∑

even n=0

(iω)n

n!
X̃(n)

and

u2(x) = g0(x)
∞∑

odd n=1

i(iω)n

n!
X(n)

where X(n) and X̃(n) are defined by (7.22)–(7.24).

7.7 Complex potential

It is clear that the results obtained in the preceding subsections remain valid in
the case of a complex-valued potential q and an arbitrary complex number ω.
Consider the equation

(−∂2
x + q(x) + ω2)u(x) = 0 (7.28)

where q and u are complex-valued and ω is any complex number. We assume that
g0 is a nonvanishing solution of the equation (−∂2

x + q(x))g0 = 0 satisfying the
boundedness requirements. Then the general solution of (7.28) has the form

u = c1u1 + c2u2 (7.29)

where c1 and c2 are arbitrary complex constants and u1, u2 are defined as

u1 = g0

∞∑
even n=0

ωn

n!
X̃(n) (7.30)

and

u2 = g0

∞∑
odd n=1

ωn

n!
X(n) (7.31)

where as before X(n) and X̃(n) are defined by (7.22)–(7.24).
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7.8 Solution of the Sturm-Liouville equation

Having obtained the general solution of (7.28) it is easy to obtain the general
solution of the more general Sturm-Liouville equation

∂x(p∂xu) + qu = ω2u (7.32)

where p ∈ C2(Ix) is a nonvanishing complex-valued function, q and u satisfy
conditions from the preceding subsection. We assume that

∂x(p∂xg0) + qg0 = 0 (7.33)

and observe that the following factorization holds:

(∂xp∂x + q)u = p1/2

(
∂x +

g′

g

)(
∂x − g′

g

)
(p1/2u) = g−1

0 ∂x

(
g2∂x

(
g−1
0 u

))
where g = p1/2g0 and by analogy with (7.29)–(7.31) we obtain the solution of
(7.32),

u = c1u1 + c2u2 (7.34)

where

u1 = g0

∞∑
even n=0

ωn

n!
X̃(n) (7.35)

and

u2 = g0

∞∑
odd n=1

ωn−1

n!
X(n) (7.36)

where the definition of X(n) and X̃(n) is slightly modified:

X̃(0) ≡ 1, X(0) ≡ 1, (7.37)

X̃(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
n

x∫
0

X̃(n−1)(ξ)g2
0(ξ)dξ for an odd n,

n
x∫
0

X̃(n−1)(ξ)g−2(ξ)dξ for an even n,
(7.38)

X(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
n

x∫
0

X(n−1)(ξ)g−2(ξ)dξ for an odd n,

n
x∫
0

X(n−1)(ξ)g2
0(ξ)dξ for an even n.

(7.39)
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Let us verify that u1 is indeed a solution of (7.32). We have

(∂xp∂x + q)u1 = g−1
0 ∂x

(
g2∂x

∞∑
even n=0

ωn

n!
X̃(n)

)

= g−1
0

∞∑
even n=2

ωn

(n − 1)!
∂xX̃(n−1)

= ω2g0

∞∑
even n=2

ωn−2

(n − 2)!
X̃(n−2) = ω2u1.

In a similar way the solution u2 can be verified as well.
Thus, we have proved the following theorem.

Theorem 95 ([74]). Let p and q be complex-valued functions of an independent real
variable x ∈ [0, a], p ∈ C1(0, a) be bounded and nonvanishing on [0, a] and ω be an
arbitrary complex number. Suppose that there exists a solution g0 of the equation
(pg′0)

′ + qg0 = 0 on (0, a) such that g0 ∈ C2(0, a) together with 1/g0 are bounded
on [0, a]. Then the general solution of (7.32) has the form

u = c1u1 + c2u2

where c1 and c2 are arbitrary complex constants,

u1 = g0

∞∑
even n=0

ωn

n!
X̃(n) and u2 = g0

∞∑
odd n=1

ωn−1

n!
X(n)

with X̃(n) and X(n) being defined by (7.37)–(7.39) and both series converge uni-
formly on [0, a].

We obtained this theorem under too restrictive conditions. Here we formulate
its generalization as was done in [78], which allows us to obtain a general solution
of the Sturm-Liouville equation

(pu′)′ + qu = λru (7.40)

in the form of a spectral parameter power series. We give a proof of this result
which does not depend on pseudoanalytic function theory.

Theorem 96 ([78]). Assume that on a finite interval [a, b], equation

(pv′)′ + qv = 0, (7.41)

possesses a particular solution u0 such that the functions u2
0r and 1/(u2

0p) are
continuous on [a, b]. Then the general solution of (7.40) on (a, b) has the form

u = c1u1 + c2u2 (7.42)
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where c1 and c2 are arbitrary complex constants,

u1 = u0

∞∑
k=0

λkX̃(2k) and u2 = u0

∞∑
k=0

λkX(2k+1) (7.43)

with X̃(n) and X(n) being defined by the recursive relations

X̃(0) ≡ 1, X(0) ≡ 1, (7.44)

X̃(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
x∫

x0

X̃(n−1)(s)u2
0(s)r(s) ds, n odd,

x∫
x0

X̃(n−1)(s) 1
u2
0(s)p(s)

ds, n even,
(7.45)

X(n)(x) =

⎧⎪⎪⎨⎪⎪⎩
x∫

x0

X(n−1)(s) 1
u2
0(s)p(s)

ds, n odd,
x∫

x0

X(n−1)(s)u2
0(s)r(s) ds, n even,

(7.46)

where x0 is an arbitrary point in [a, b] such that p is continuous at x0 and p(x0) �=
0. Further, both series in (7.43) converge uniformly on [a, b].

Proof. First we prove that u1 and u2 are indeed solutions of (7.40) whenever the
application of the operator L = d

dxp d
dx + q to them makes sense. For this, note

that if Lu0 = 0, then L can be written in the factorized form L = 1
u0

d
dx p u2

0
d
dx

1
u0

.
Then application of 1

r L to u1 gives

1
r
Lu1 =

1
ru0

d

dx

(
pu2

0

d

dx

∞∑
k=0

λkX̃(2k)

)
=

1
ru0

d

dx

∞∑
k=1

λkX̃(2k−1)

= u0

∞∑
k=1

λkX̃(2k−2) = λu1.

In a similar way one can check that u2 satisfies (7.40) as well. In order to give
sense to this chain of equalities it is sufficient to prove the uniform convergence of
the series involved in u1 and u2 as well as of the series obtained by a term-wise
differentiation. This can be done with the aid of the Weierstrass M-test. Indeed,

we have
∣∣∣X̃(2k)

∣∣∣ ≤ (
max

∣∣ru2
0

∣∣)k
(
max

∣∣∣ 1
pu2

0

∣∣∣)k |b−a|2k

(2k)! and the series
∞∑

k=0

ck

(2k)! is

convergent where

c = |λ| (max
∣∣ru2

0

∣∣)(max
∣∣∣∣ 1
pu2

0

∣∣∣∣) |b − a|2 . (7.47)

The uniform convergence of the series in u2 as well as of the series of derivatives
can be shown similarly.
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The last step is to verify that the Wronskian of u1 and u2 is different from
zero at least at one point (which necessarily implies the linear independence of
u1 and u2 on the whole segment [a, b]). It is easy to see that by definition all the
X̃(n)(x0) and X(n)(x0) vanish except for X̃(0)(x0) and X(0)(x0) which equal 1.
Thus

u1(x0) = u0(x0), u′
1(x0) = u′

0(x0), (7.48)

u2(x0) = 0, u′
2(x0) =

1
u0(x0)p(x0)

(7.49)

and the Wronskian of u1 and u2 at x0 equals 1/p(x0) �= 0. �
Remark 97. In the case λ = 0, the solution (7.43) becomes u1 = u0 and u2 =

u0

x∫
x0

ds
u2
0(s)p(s)

. The expression for u2 is a well-known formula for constructing a

second linearly independent solution.

Remark 98. The result of Theorem 96 is valid for infinite intervals as well, the
series being uniformly convergent on any finite subinterval.

Remark 99. One of the functions ru2
0 or 1/(pu2

0) may not be continuous on [a, b]
and yet u1 or u2 may make sense. For example, in the case of the Bessel equation
(xu′)′ − 1

xu = −λxu, we can choose u0(x) = x/2. Then 1/(pu2
0) /∈ C[0, 1]. Never-

theless all integrals in (7.45) exist and u1 coincides with the nonsingular J1(
√

λx),
while u2 is a singular solution of the Bessel equation.

Remark 100. In the regular case the existence and construction of the required
u0 presents no difficulty. Let p and q be real-valued, p(x) �= 0 for all x ∈ [a, b]
and let p, p′, r and q be continuous on [a, b]. Then (7.41) possesses two linearly
independent regular solutions v1 and v2 whose zeros alternate. Thus one may
choose u0 = v1 + iv2.

Remark 101. The procedure for construction of solutions described in Theorem 96
works not only when a solution is available for λ = 0, but in fact when a solution
of the equation

(pu′
0)

′ + qu0 = λ0ru0 (7.50)

is known for some fixed λ0. The solution (7.43) now takes the form

u1 = u0

∞∑
k=0

(λ − λ0)
k
X̃(2k) and u2 = u0

∞∑
k=0

(λ − λ0)
k
X(2k+1).

This can be easily verified by writing (7.40) as

(L − λ0r) u = (λ − λ0) ru.

The operator on the left-hand side can be factorized exactly as in the proof of the
theorem, and the same reasoning carries through.
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Remark 102. For calculating the series in (7.43) it may be convenient to calculate
X(n) or X̃(n) directly from X(n−2) or X̃(n−2). For example, when n is even we
have

X̃(n)(x) =
∫ x

x0

1
u0(s)2p(s)

∫ s

x0

u0(t)2r(t)X̃(n−2)(t) dt ds

=
∫ x

x0

(P (x) − P (t))u0(t)2r(t)X̃(n−2)(t) dt

where P ′ = 1/(u2
0p).

Remark 103. Other representations of the general solution of (7.40) as a for-
mal power series have been long known (see [104, Theorem 1], [25]) and used for
studying qualitative properties of solutions. The complicated manner in which the
parameter λ appears in those representations makes that form of a general solution
too difficult for quantitative analysis of spectral and boundary value problems. In
contrast, the solution (7.42)–(7.46) is a power series with respect to λ, making
it quite attractive for numerical solution of spectral, initial value and boundary
value problems.

A special case of Theorem 96, with q ≡ 0, λ = 1, was known to H. Weyl.

Corollary 104 ([124]). Let 1/p and r be continuous on [a, b]. The general solution
of the equation

(pu′)′ = ru (7.51)

on (a, b) has the form
u = c1u1 + c2u2 (7.52)

where c1 and c2 are arbitrary constants and u1, u2 are defined by (7.43)–(7.46)
with u0 ≡ λ = 1.

This corollary enables us to find the particular solution u0 discussed in Re-
mark 100.

7.9 Numerical method for solving

Sturm-Liouville equations

In this section following the exposition from [78] we consider the Sturm-Liouville
equation (7.40) on [a, b] with any desired initial conditions. The numerical im-
plementation of the solution via the representation (7.43) for a general solution
is algorithmically simple. One must consider the accuracy of calculation of the
iterated integrals in (7.45) and (7.46), and the rate of convergence of the series
(7.43), because in numerical work one must work with finitely many terms.

The main parameters that one can control are the number M of subintervals
in which to divide [a, b] when integrating numerically and the number N of powers
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in the truncated series. The relationship of M to the accuracy of the integrals is
a standard question and will not be discussed here. In regards to N , observe that
one can not always expect a good approximation to u over all of [a, b] with a series
of N terms, no matter how precisely the integrals are calculated. However, using
the estimate for

∣∣∣X̃(2k)
∣∣∣ and

∣∣X(2k−1)
∣∣ (see the proof of Theorem 96 below) it

is easy to obtain a rough but useful estimate for the tail of the series. Namely,

consider |u1 − u1,N | where u1,N = u0

N∑
k=0

λkX̃(2k). We have

|u1 − u1,N | = |u0|
∣∣∣∣∣

∞∑
k=N+1

λkX̃(2k)

∣∣∣∣∣ ≤ max |u0|
∞∑

k=N+1

ck

(2k)!

= max |u0|
∣∣∣∣∣cosh

√
c −

N∑
k=0

ck

(2k)!

∣∣∣∣∣
where c is defined by (7.47). In a similar way one can see that the remainder of the
series corresponding to u2 is estimated by the tail of the power series of sinh

√
c.

Thus, if a certain value of N is seen to be insufficient for achieving a required
accuracy, the interval can be subdivided and the initial value problem solved on
the first subinterval. The initial values of the solution for the second subinterval
are calculated easily taking into account that u′

1 = u′
0

u0
u1 + 1

u0p

∞∑
k=1

λkX̃(2k−1)

(and analogously for u2). Thus, no numerical differentiation is necessary and this
process can be continued with little loss in accuracy.

The required particular solution u0 may be calculated using any available
algorithm; in the examples presented below we have applied the formula of Corol-
lary 104, applying the above subdivision procedure. All of the calculations were
performed with Mathematica (Wolfram).



Chapter 8

Spectral Problems and
Darboux Transformation

8.1 Sturm-Liouville problem as a problem of
finding zeros of an analytic function

The fact that spectral Sturm-Liouville problems are related to the problem of
finding zeros of complex analytic functions of the variable λ is quite well known
(see, e.g., [86]). For a regular Sturm-Liouville problem the corresponding analytic
function is even entire. The representation (7.42)–(7.46) allows us to obtain the
Taylor series of that analytic function explicitly. As an example, let us first consider
a spectral problem for (7.40) with the boundary conditions

u(0) = 0 and u(1) = 0.

We suppose that the coefficients satisfy the conditions from Remark 100 and that
u0 is constructed as described there, taking x0 = 0. From the first boundary
condition and (7.48), the constant c1 in (7.42) must be zero. Then the spectral

problem reduces to finding values of λ for which u2(1) = u0(1)
∞∑

k=0

λkX(2k+1)(1)

vanishes. In other words, this spectral problem reduces to the calculation of zeros

of the complex analytic function κ(λ) =
∞∑

m=0
amλm where

am = u0(1)X(2k+1)(1).

Now let α and β be arbitrary real numbers and consider the more general
boundary conditions

u(a) cosα + u′(a) sin α = 0, (8.1)
u(b) cosβ + u′(b) sin β = 0 (8.2)
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together with equation (7.40). Taking the solutions u1 and u2 defined by (7.43)
and using (7.48), (7.49) with x0 = a, we obtain from (8.1) the equation

c1(u0(a) cos α + u′
0(a) sin α) + c2

sinα

u0(a)p(a)
= 0,

which gives c2 = γc1 when α �= πn, with γ = −u0(a)p(a)(u0(a) cotα + u′
0(a)),

whereas c1 = 0 when α = πn. In the latter case the result is similar to the example
considered above, thus let us suppose α �= πn. From the definition of u1 and u2

we have

u′
1 =

u′
0

u0
u1 +

1
u0p

∞∑
k=1

λkX̃(2k−1) and u′
2 =

u′
0

u0
u2 +

1
u0p

∞∑
k=0

λkX(2k).

Then the boundary condition (8.2) implies that

(u0(b) cosβ + u′
0(b) sin β)

( ∞∑
k=0

λkX̃(2k)(b) + γ
∞∑

k=0

λkX(2k+1)(b)

)

+
sin β

u0(b)p(b)

( ∞∑
k=1

λkX̃(2k−1)(b) + γ

∞∑
k=0

λkX(2k)(b)

)
= 0.

Thus the spectral problem (7.40), (8.1), (8.2) reduces to the problem of calculating

zeros of the analytic function κ(λ) =
∞∑

m=0
amλm where

a0 = (u0(b) cosβ + u′
0(b) sin β) (1 + γX(1)(b)) +

γ sin β

u0(b)p(b)
and

am = (u0(b) cosβ + u′
0(b) sin β)

(
X̃(2m)(b) + γX(2m+1)(b)

)
+

sin β

u0(b)p(b)

(
X̃(2m−1)(b) + γX(2m)(b)

)
, m = 1, 2, . . . .

This reduction of a Sturm-Liouville spectral problem lends itself to a simple
numerical implementation. To calculate the first n eigenvalues we consider the

Taylor polynomial κN (λ) =
N∑

m=0
amλm with N ≥ n. Thus the numerical approx-

imation of eigenvalues of the Sturm-Liouville problem reduces to the calculation
of zeros of the polynomial κN (λ).

There is no need to work with zeros of only one polynomial. It is well known
that in general the higher roots of a polynomial become less stable with respect
to small inaccuracies in coefficients. Our spectral parameter power series (SPPS)
method (the term introduced in [78]) is well suited to overcome this problem and
thus to calculate higher eigenvalues with a good accuracy. This is done using
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Remark 101. Suppose we have already calculated the eigenvalue λ0 using the
procedure described above as a first root of the obtained polynomial. Then for
the next step we define U0 = u1 + iu2 where u1 and u2 are defined by (7.43)
with λ = λ0. The function U0 is then a solution of (7.50). We use it to obtain the
eigenvalue λ1 of the original problem observing that λ1 = Λ1 +λ0 where Λ1 is the
first eigenvalue of the equation (L−λ0r)u = Λu with the same boundary conditions
as in the original problem. This procedure can be continued for calculating higher
eigenvalues. Note that if λ0 = 0 we should begin this shifting procedure starting
with λ1.

8.1.1 Sturm-Liouville problems with spectral parameter
dependent boundary conditions

In this subsection based on [78] we consider Sturm-Liouville problems of the form

(pu′)′ + qu = λru, x ∈ [a, b], (8.3)
u(a) cosα + u′(a) sin α = 0, α ∈ [0, π), (8.4)

β1u(b) − β2u
′(b) = ϕ(λ) (β′

1u(b) − β′
2u

′(b)) , (8.5)

where ϕ is a complex-valued function of the variable λ and β1, β2, β′
1, β′

2 are
complex numbers. This kind of problem arises in many physical applications (we
refer to [7] and references therein) and has been studied in a considerable number
of publications [7, 26, 29, 31, 45, 121]. For some special forms of the function ϕ such
as ϕ(λ) = λ or ϕ(λ) = λ2 + c1λ + c2, results were obtained [29], [121] concerning
the regularity of the problem (8.3)–(8.5); we will not dwell upon the details. Our
purpose is to show the applicability of the spectral parameter power series (SPPS)
method to this type of Sturm-Liouville problems. For simplicity, let us suppose
that α = 0 and hence the condition (8.4) becomes u(a) = 0. Then as was shown
in the preceding section, if an eigenfunction exists it necessarily coincides with u2

up to a multiplicative constant.
In this case condition (8.5) becomes equivalent to the equality

(u0(b)ϕ1(λ) − u′
0(b)ϕ2(λ))

∞∑
k=0

λkX(2k+1)(b)− ϕ2(λ)
u0(b)p(b)

∞∑
k=0

λkX(2k)(b) = 0 (8.6)

where ϕ1,2(λ) = β1,2 − β′
1,2ϕ(λ). Calculation of eigenvalues given by (8.6) is espe-

cially simple in the case of ϕ being a polynomial of λ. Precisely this particular sit-
uation was considered in all of the above-mentioned references concerning Sturm-
Liouville problems with spectral parameter dependent boundary conditions. For
these problems the calculation of eigenvalues using our method does not present
any additional difficulty compared to the parameter independent situation dis-
cussed in the preceding section.
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8.2 Numerical method for solving
Sturm-Liouville problems

Here we discuss some numerical examples of application of the SPPS method based
on the result of Theorem 96.

Paine Problem. A number of spectral problems which have become standard
test cases appear in [98, 106]. As a first example we consider

p(x) = −1, q(x) =
1

(x + 0.1)2
,

u(0) = 0, u(π) = 0.

The eigenvalues in the following table were calculated via SPPS using integra-
tion on 10,000 subintervals for calculating N = 100 powers of λ. These eigenvalues
were found as roots of a single polynomial (i.e., the shifting of λ as described in
Remark 101 was not applied). Due to the sensitivity of the larger roots of the
polynomial to errors in the coefficients, 100-digit arithmetic was used.

n λn [106] λn SPPS [78]
0 1.5198658211 1.519865821099
1 4.9433098221 4.943309822144
2 10.284662645 10.28466264509
3 17.559957746 17.55995774633
4 26.782863158 26.78286315899
5 37.964425862 37.96442587941
6 51.113357757 51.11335707578
7 66.236447704 66.23646092491
8 83.338962374 83.33879073183
9 102.42498840 102.4259718823

10 123.49770680 123.512483827

On the basis of the above values, a new calculation was made by shifting
with λ∗ = 66, resulting in the following improved approximations for the last few
eigenvalues.

n λn [106] λn SPPS [78]
7 66.236447704 66.23644770359
8 83.338962374 83.33896237419
9 102.42498840 102.42498839828

10 123.49770680 123.49770680101
11 146.55960608 146.55960605783
12 171.61264485 171.61265439928
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With λ∗ = 146 and increasing the number of powers to N = 150, the following
further values were obtained.

n λn [106] λn SPPS [78]
11 146.55960608 146.55586199495330
12 171.61264485 171.60875781110985
13 198.65837500 198.65416389844202

When the number of digits for internal calculations was increased to 150,
SPPS produced the same results.

Coffey-Evans equation. This test case, defined by

p(x) = −1, q(x) = −2β cos 2x + β2 sin2 2x,

u(−π/2) = 0, u(π/2) = 0

presents the challenge of distinguishing eigenvalues within the triple clusters which
form as the parameter β increases. We present results for β = 20, 30, 50. In all cases
given here the eigenvalues were obtained without shifting λ.

β = 20. M = 10, 000 subintervals, N= 180 powers, 100 digits of precision.

n λn [28, 85] λn SPPS [78]
0 -0.00000000000000 0.0000000000000003
1 77.91619567714397 77.9161956771439703
2 151.46277834645663 151.4627783464566396
3 151.46322365765863 151.4632236576586490
4 151.46366898835165 151.4636689883516575
5 220.15422983525995 220.1542298352599497
6 283.0948 283.0948146954014377
7 283.2507 283.2507437431126800
8 283.4087 283.4087354034293064

β = 30 M = 10, 000 subintervals, N = 150 powers, 100 digits of precision.

n λn [85, 106] λn SPPS [78]
0 0.00000000000000 0.000000000000000002
1 117.946307662070 117.94630766206876
2 231.664928928423790
3 231.66492931296 231.664928928423791
4 231.664930082035462
5 340.888299091685489
6 403.219684016171863
7 403.219684016171917



98 Chapter 8. Spectral Problems and Darboux Transformation

β = 50 M = 10, 000 subintervals, N = 150 powers, 100 digits of precision.

n λn [106] λn SPPS [78]
0 0.00000000000000 0.000000000000000003
1 197.968726516507 197.96872651650729
2 391.807
3 391.80819148905 391.810
4 547.1397060

8.3 A remark on the Darboux transformation

The Darboux transformation is a very useful and important tool studied in dozens
of works (see, e.g., [90]). It is closely related to the factorization of the Schrödinger
operator (7.25). Consider the equation(

∂x +
g′0
g0

)(
∂x − g′0

g0

)
u = ω2u.

Applying the operator
(
∂x − g′

0
g0

)
to both sides and writing v =

(
∂x − g′

0
g0

)
u, one

obtains that solutions of equation (7.28) are transformed into solutions of another
Schrödinger equation (

∂x − g′0
g0

)(
∂x +

g′0
g0

)
v = ω2v

which can be written also as(−∂2
x + r(x) + ω2

)
v(x) = 0, (8.7)

where r = 2
(

g′
0

g0

)2

− q. Now, as we are able to construct the general solution
of (7.28) by a known solution of (7.1) we can also obtain an explicit form of the
result of the Darboux transformation. First, let us apply the operator

(
∂x − g′

0
g0

)
=

g0∂xg−1
0 to u1 defined by (7.30). We have

v1 =
(

∂x − g′0
g0

)
u1 = g0

∞∑
even n=0

ωn

n!
∂xX̃(n)

= g−1
0

∞∑
even n=2

ωn

(n − 1)!
X̃(n−1) =

ω

g0

∞∑
odd n=1

ωn

n!
X̃(n)

and in a similar way we obtain

v2 =
(

∂x − g′0
g0

)
u2 =

ω

g0

∞∑
even n=0

ωn

n!
X(n).
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Thus, the general solution of the Schrödinger equation (8.7) obtained from (7.28)
by the Darboux transformation has the form

v =
c1

g0

∞∑
even n=0

ωn

n!
X(n) +

c2

g0

∞∑
odd n=1

ωn

n!
X̃(n)

where X(n) and X̃(n) are defined by (7.22)–(7.24).



Chapter 9

Beltrami Fields

9.1 Description of the result

Solutions of the equation
rot

−→
B + α

−→
B = 0 (9.1)

where α is a scalar function of space coordinates are known as Beltrami fields
and are of fundamental importance in different branches of modern physics (see,
e.g., [128], [82], [43], [125], [4], [55], [50], [67]). For simplicity, here we consider the
real-valued proportionality factor α and real-valued solutions of (9.1), though the
presented approach is applicable in a complex-valued situation as well (instead of
complex Vekua equations their bicomplex generalizations should be considered,
see Section 14.3). We consider equation (9.1) on a plane of the variables x and y,
that is α and

−→
B are functions of two Cartesian variables only. In this case, as we

show in Section 9.2, equation (9.1) reduces to the equation

div
(

1
α
∇u

)
+ αu = 0. (9.2)

This second-order equation can be reduced to a corresponding main Vekua equa-
tion. This reduction under quite general conditions allows us to construct a com-
plete system of exact solutions of (9.2) explicitly. For the reduction of (9.2) to a
Vekua equation it is sufficient to find a particular solution of (9.2). Here (Section
9.3) we show that in a (very important for applications) case of α being a function
of one Cartesian variable, a particular solution of (9.2) is always available in a
simple explicit form. This situation corresponds to models describing waves prop-
agating in stratified media (see, e.g., [75]). As a result, in this case we are able
to construct a complete system of solutions explicitly which for many purposes
means a general solution. We give an example of such construction.

We show that when α = α(y) (of course in a similar way the case α = α(x)
can be considered) equation (9.2) and hence equation (9.1) reduce to the main
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Vekua equation of the form

∂zW (x, y) =
if ′(y)
2f(y)

W (x, y) (9.3)

where
f =

c1√
α

sinA +
c2√
α

cosA;

A is an antiderivative of α with respect to y, c1 and c2 are arbitrary real constants.
A complete (in a compact uniform convergence topology) system of exact solutions
to (9.3) can be constructed explicitly. Thus, in the case when α is a function of
one Cartesian variable, the Vekua equation equivalent to (9.1) can be solved and
a complete system of solutions of (9.1) is obtained.

The results of this chapter have been obtained in a joint work with H. Oviedo [77].

9.2 Reduction of (9.1) to a Vekua equation

We consider equation (9.1) where both α and
−→
B are supposed to be dependent on

two Cartesian variables x and y. Then equation (9.1) can be written as the system

∂yB3 + αB1 = 0, (9.4)
−∂xB3 + αB2 = 0, (9.5)

∂xB2 − ∂yB1 + αB3 = 0.

Solving this system for B3 leads to the equation

ΔB3 −
〈∇α

α
,∇B3

〉
+ α2B3 = 0 (9.6)

where 〈·, ·〉 denotes the usual scalar product of two vectors.
Note that

α div
(

1
α
∇B3

)
= ΔB3 −

〈∇α

α
,∇B3

〉
and hence (9.6) can be rewritten as

div
(

1
α
∇B3

)
+ αB3 = 0. (9.7)

Thus equation (9.1) reduces to an equation of the form (3.10) with p = 1/α and
q = α.

Let us notice that (see, Proposition 28)

div
1
α
∇ + α =

1√
α

(Δ − r)
1√
α
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where

r = −1
2

Δα

α
+

3
4

(∇α

α

)2

− α2. (9.8)

That is B3 is a solution of (9.7) iff the function f = B3/
√

α is a solution of the
stationary Schrödinger equation

(−Δ + r) f = 0 (9.9)

with r defined by (9.8). As was explained in Section 3.3, given its particular solu-
tion this equation reduces to a Vekua equation of the form (3.15). Unfortunately,
in general we are not able to propose a particular solution of (9.7). Nevertheless in
an important special case when α depends on one Cartesian variable, a particular
solution of (9.7) is always available in explicit form. We give this result in the next
section.

9.3 Solution in the case when α is a function
of one Cartesian variable

Let us consider equation (9.9) where α = α(y). We assume that α is a nonvanishing
function and look for a solution of the corresponding ordinary differential equation

d2f

dy2
+

(
1
2

α′′

α
− 3

4

(
α′

α

)2

+ α2

)
f = 0.

Its general solution is known (see [56, 2.162 (14)]) and is given by the expression

f(y) =
c1√
α(y)

sinA(y) +
c2√
α(y)

cosA(y) (9.10)

where A is an antiderivative of α and c1, c2 are arbitrary real constants.
Choosing, e.g., c1 = 1, c2 = 0 and calculating the coefficient (∂zf) /f we

arrive at the following Vekua equation which is equivalent to (9.1) in the case
under consideration (and which is considered in any simply connected domain
where sinA(y) does not vanish):

∂zW (x, y) =
i

2

(
α(y) cotA(y) − α′(y)

2α(y)

)
W (x, y).

Note that F = f = sinA(y)√
α(y)

and G = i
f = i

√
α(y)

sinA(y) represent a generating pair for

this Vekua equation and hence if W is its solution, the corresponding pseudoana-
lytic function of the second kind ω = 1

f ReW + if Im W satisfies the equation

ωz =
1 − f2

1 + f2
ωz (9.11)
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which can be written in the form of the system

φx =
1
f2

ψy, φy = − 1
f2

ψx

where φ = Reω and ψ = Im ω.
For f being representable in a separable form f(x, y) = X(x)Y (y), the formu-

las for constructing corresponding formal powers explicitly were given in Section
4.2. Using them we obtain the following representation for the formal powers cor-
responding to (9.11)

∗Z(n)(a, z0; z) = a1

n∑
k=0

(
n

k

)
(x − x0)(n−k)ikY k + ia2

n∑
k=0

(
n

k

)
(x − x0)(n−k)ikỸ k

where z0 = x0+iy0 is an arbitrary point of the domain of interest, a is an arbitrary
complex number: a = a1 + ia2, Y k and Ỹ k are constructed as

Y (0)(y0, y) = Ỹ (0)(y0, y) = 1
and for n = 1, 2, . . .

Y (n)(y0, y) = n

y∫
y0

Y (n−1)(y0, η)f2(η)dη n odd,

Y (n)(y0, y) = n

y∫
y0

Y (n−1)(y0, η)
dη

f2(η)
n even,

Ỹ (n)(x0, x) = n

y∫
y0

Ỹ (n−1)(y0, η)
dη

f2(η)
n odd,

Ỹ (n)(x0, x) = n

y∫
y0

Ỹ (n−1)(y0, η)f2(η)dη n even.

The system
{
∗Z(n)(1, z0; z), ∗Z(n)(i, z0; z)

}∞
n=0

represents a complete (in a com-
pact uniform convergence topology) system of solutions of (9.11), which means
that any solution ω of (9.11) in a simply connected domain Ω can be represented
as a series

ω(z) =
∞∑

n=0

∗Z(n)(an, z0; z) =
∞∑

n=0

(
a′

n ∗Z(n)(1, z0; z) + a′′
n ∗Z(n)(i, z0; z)

)
where a′

n = Re an, a′′
n = Im an and the series converges normally. Consequently

the system of functions{
f(y) Re(∗Z(n)(1, z0; z)), f(y) Re(∗Z(n)(i, z0; z))

}∞

n=0
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represents in the same sense a complete system of solutions of (9.9) with r defined
by (9.8), and{√

α(y)f(y) Re(∗Z(n)(1, z0; z)),
√

α(y)f(y) Re(∗Z(n)(i, z0; z))
}∞

n=0
(9.12)

is a complete system of solutions of (9.7). Thus in the case under consideration
any solution B3 of (9.7) can be represented in the form

B3(x, y) =
∞∑

n=0

(an sinA(y) Re(∗Z(n)(1, z0; z)) + bn sinA(y) Re(∗Z(n)(i, z0; z)))

where an and bn are real constants.
The other two components of the vector

−→
B are obtained from (9.4) and (9.5):

B1 = − 1
α

∂yB3 and B2 =
1
α

∂xB3 (9.13)

that gives us a complete system of solutions of (9.1) in the case under consideration.
On the following example we explain how this procedure works.

Example 105. Let us consider the following relatively simple situation in which
the corresponding integrals are not difficult to evaluate. Let

α(y) =
1√

1 − y2
(9.14)

and Ω be an open unitary disk with a center in the origin. We take in (9.10) c1 = 0
and c2 = 1. Then it is easy to verify that

f(y) = (1 − y2)
3
4 .

The first three formal powers with a centre in the origin can be calculated as
follows:

∗Z(1)(1, 0; z) = x + i

[
y(1 − y2)

3
2

4
+

3y(1 − y2)
1
2

8
+

3
8

arcsiny

]
,

∗Z(1)(i, 0; z) = − y

(1 − y2)
1
2

+ ix,

∗Z(2)(1, 0; z) = x2 − 1
4
y2 − 3

4
y arcsiny

(1 − y2)
1
2

+ 2ix

(
y(1 − y2)

3
2

4
+

3y(1 − y2)
1
2

8
+

3
8

arcsin y

)
,

∗Z(2)(i, 0; z) = − 2xy

(1 − y2)
1
2

+ i

(
x2 − y2 − 1

2
y4

)
,
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∗Z(3)(1, 0; z) = x3 − 3x

(
1
4
y2 +

3
4

y arcsiny

(1 − y2)
1
2

)

+ 3ix2

(
y(1 − y2)

3
2

4
+

3y(1 − y2)
1
2

8
+

3
8

arcsin y

)

− i

(
− 3

24
y(1 − y2)

5
2 +

3
96

y(1 − y2)
3
2 + y(1 − y2)

1
2

(
51
128

− 9
64

y2

)
− 9

16
(1 − y2)2 arcsiny +

33
128

arcsin y

)
,

∗Z(3)(i, 0; z) = − 3x2y

(1 − y2)
1
2

+
3
4

y(1 + y2)
(1 − y2)

1
2
− 3

4
arcsin y + ix

(
x2 − 3

(
y2 − 1

2
y4

))
.

Now taking the real parts of these formal powers and multiplying them by the
factor

√
αf (see (9.12)) we obtain the first elements of the complete system of

solutions of (9.7), that is any solution B3 of (9.7) in a simply connected domain
can be represented as an infinite linear combination of the functions{

(1 − y2)
1
2 , x(1 − y2)

1
2 , −y, (1 − y2)

1
2

(
x2 − 1

4
y2 − 3

4
y arcsin y

(1 − y2)
1
2

)
,

− 2xy, (1 − y2)
1
2

(
x3 − 3x

(
1
4
y2 +

3
4

y arcsin y

(1 − y2)
1
2

))
,

− 3x2y +
3
4
y(1 + y2) − 3

4
(1 − y2)

1
2 arcsiny, . . .

}
and the corresponding series converges normally.

From (9.13) it is easy to calculate the corresponding components B1 and B2

respectively,{
y, xy, (1 − y2)

1
2 ,

3
4
(1 − y2)

1
2 arcsin y + y

(
x2 − 3

4
y2 +

5
4

)
,

2x(1 − y2)
1
2 ,

9
4
x(1 − y2)

1
2 arcsin y + y

(
x3 − 9

4
xy2 +

15
4

x

)
,

− (
9
4
y2 − 3x2)(1 − y2)

1
2 − 3

4
y arcsin y, . . .

}
and {

0, (1 − y2), 0, 2x(1 − y2), −2y(1 − y2)
1
2 ,

(3x2 − 3
4
y2)(1 − y2) − 9

4
y(1 − y2)

1
2 arcsin y, −6xy(1 − y2)

1
2 , . . .

}
.

Thus, we obtain the following complete system of solutions of (9.1) with the pro-
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portionality factor α defined by (9.14):

−→
B 0 =

⎛⎝ y
0

(1 − y2)
1
2

⎞⎠ ,
−→
B 1 =

⎛⎝ xy
(1 − y2)

x(1 − y2)
1
2

⎞⎠ ,
−→
B 2 =

⎛⎝ (1 − y2)
1
2

0
−y

⎞⎠ ,

−→
B 3 =

⎛⎜⎜⎝
3
4 (1 − y2)

1
2 arcsin y + y(x2 − 3

4y2 + 5
4 )

2x(1 − y2)

(1 − y2)
1
2

(
x2 − 1

4y2 − 3
4

y arcsin y

(1−y2)
1
2

)
⎞⎟⎟⎠ ,

−→
B 4 =

⎛⎝ 2x(1 − y2)
1
2

−2y(1 − y2)
1
2

−2xy

⎞⎠ ,

−→
B 5 =

⎛⎜⎜⎝
9
4x(1 − y2)

1
2 arcsiny + y

(
x3 − 9

4xy2 + 15
4 x

)
(3x2 − 3

4y2)(1 − y2) − 9
4y(1 − y2)

1
2 arcsiny

(1 − y2)
1
2

(
x3 − 3x

(
1
4y2 + 3

4
y arcsin y

(1−y2)
1
2

))
⎞⎟⎟⎠ ,

−→
B 6 =

⎛⎝ −(9
4y2 − 3x2)(1 − y2)

1
2 − 3

4y arcsin y

−6xy(1 − y2)
1
2

−3x2y + 3
4y(1 + y2) − 3

4 (1 − y2)
1
2 arcsin y

⎞⎠ ,

. . . .

Of course the integrals involved in the construction of the complete system of
solutions are not always sufficiently easy to evaluate explicitly as in Example 105.
Nevertheless our numerical experiments confirm that in general the formal powers
and hence the solutions of (9.1) can be calculated with a remarkable accuracy. For
example, the vector

−→
B 40 (see notations in Example 105) in the Matlab 7 package

on a usual PC can be calculated with a precision of order 10−4. Thus, the use of
formal powers for numerical solution of boundary value problems corresponding
to (9.1) and more generally to equations of the form (3.10) is really promising.



Chapter 10

Static Maxwell System in Axially
Symmetric Inhomogeneous Media

10.1 Meridional and transverse fields

Consider the static Maxwell system

div(εE) = 0, rotE = 0 (10.1)

where we suppose that ε is a function of the cylindrical radial variable r =√
x2

1 + x2
2: ε = ε(r). Two important situations are usually studied: the merid-

ional field and the transverse field.
The first case is characterized by the condition that the vector E is inde-

pendent of the angular coordinate θ and the component Eθ of the vector E in
cylindrical coordinates vanishes identically. A vector of such a field belongs to a
plane containing the axis x3 and depends only on the distance r to this axis as well
as on the coordinate x3. The field then is completely described by a two-component
vector-function in the plane (r, x3).

The second case is characterized by the condition that the vector E is in-
dependent of x3 and the component E3 is identically zero. A vector of such a
field belongs to a plane perpendicular to the axis x3 and the corresponding model
reduces to a two-component vector-function in the plane (x1, x2).

In both cases following [61] we construct a complete system of solutions of
the corresponding model. We use the fact that in both cases the system (10.1)
reduces to a system describing p-analytic functions

ux =
1
p
vy, uy = −1

p
vx. (10.2)

In the first case the function p is a function of one Cartesian variable x, meanwhile
in the second it is a function of r =

√
x2 + y2. In both cases we construct an infinite

system of formal powers.
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10.2 Reduction of the static Maxwell system
to p-analytic functions

10.2.1 The meridional case

Introducing the cylindrical coordinates and making the assumptions that E is
independent of the angular variable θ and that the component Eθ is identically
zero, we obtain that (10.1) can be written as

∂Er

∂x3
− ∂E3

∂r
= 0,

1
r

∂(rεEr)
∂r

+
∂(εE3)

∂x3
= 0.

Set x = r, y = x3, u = E3 and v = rεEr. Then the system takes the form

ux =
1

xε(x)
vy, uy = − 1

xε(x)
vx,

where the subindices denote the derivatives with respect to the corresponding vari-
ables. Thus, in the case of a meridional field the vector E is completely described
by an xε(x)-analytic function ω = u + iv.

10.2.2 The transverse case

We assume that E is independent of the longitudinal variable x3 and E3 ≡ 0.
Then from (10.1) we have that the vector (E1, E2)T is the gradient of a function
u = u(x1, x2) which satisfies the two-dimensional conductivity equation

div(ε∇u) = 0. (10.3)

Write x = x1, y = x2, z = x + iy and consider the system

ux =
1
ε
vy, uy = −1

ε
vx. (10.4)

It is easy to see that if the function ω = u + iv is its solution, then u is a solution
of (10.3), and vice versa, if u is a solution of (10.3) in a simply connected domain
Ω then choosing

v = A(iεuz), (10.5)

we obtain that ω = u + iv is a solution of (10.4). Note that v is a solution of the
equation

div(
1
ε
∇v) = 0.

Thus, equation (10.3) (and hence the system (10.1) in the case under considera-
tion) is equivalent to the system (10.4) in the sense that if ω = u+ iv is a solution
of (10.4) then its real part u is a solution of (10.3) and vice versa, if u is a solution
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of (10.3) then ω = u + iv, where v is constructed according to (10.5) is a solution
of (10.4).

We reduced both considered cases, the meridional and the transverse, to the
system describing p-analytic functions. In the first case p = xε(x) is a function
of one Cartesian variable and in the second p = ε(r), r =

√
x2 + y2. As we

show below in both cases we are able to construct explicitly a complete system of
formal powers and hence a complete system of exact solutions of the corresponding
Maxwell system. Let us notice that equation (10.3) with ε being a function of the
variable r was considered in the recent work [35] with applications to electrical
impedance tomography. The algorithm proposed in that work implies numerical
solution of a number of ordinary differential equations arising after a standard
separation of variables. Our construction of a complete system of solutions of (10.3)
is based on essentially different ideas and does not require solving numerically any
differential equation.

10.3 Construction of formal powers

10.3.1 Formal powers in the meridional case

As was shown above in the meridional case the Maxwell system reduces to the
pair of equations

ux =
1

xε(x)
vy, uy = − 1

xε(x)
vx

which is equivalent to the system

σ(x)φx = τ(y)ψy , σ(x)φy = −τ(y)ψx.

Taking σ(x) = xε(x) and τ ≡ 1 we can use L. Bers’ elegant formulas from Section
4.2. Let

X(0)(x0, x) = X̃(0)(x0, x) = 1

and for n = 1, 2, . . . let

X(n)(x0, x) = n

x∫
x0

X(n−1)(x0, t)
1

tε(t)
dt for odd n,

X(n)(x0, x) = n

x∫
x0

X(n−1)(x0, t)tε(t)dt for even n,

X̃(n)(x0, x) = n

x∫
x0

X̃(n−1)(x0, t)tε(t)dt for odd n,
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X̃(n)(x0, x) = n

x∫
x0

X̃(n−1)(x0, t)
1

tε(t)
dt for even n.

Then the formal powers in the meridional case are given by the expressions

∗Z(n)(a′ + ia′′, z0; z) = a′
n∑

k=0

(
n

k

)
X(n−k)ik(y − y0)k

+ ia′′
n∑

k=0

(
n

k

)
X̃(n−k)ik(y − y0)k for odd n

and

∗Z(n)(a′ + ia′′, z0; z) = a′
n∑

k=0

(
n

k

)
X̃(n−k)ik(y − y0)k

+ ia′′
n∑

k=0

(
n

k

)
X(n−k)ik(y − y0)k for even n.

10.3.2 Formal powers in the transverse case

This case reduces to the system

ux =
1
ε
vy, uy = −1

ε
vx

where ε is a positive differentiable function of r =
√

x2 + y2. The system describing
ε-analytic functions is equivalent to the main Vekua equation (3.15) where f =

√
ε.

In order to apply Theorem 77 we let u = ln r and U(u) =
√

ε(eu). Then taking
V ≡ 1 we obtain the generating pair (F, G) for equation (3.15) in the desirable
form

F = U(u), G =
i

U(u)
. (10.6)

The analytic function Φ (from Theorem 77) corresponding to the polar coordinate
system has the form Φ(z) = ln z and consequently Φz(z) = 1/z. We note that Φz

has a pole in the origin and a zero at infinity. Thus, Theorem 77 is applicable in any
domain Ω which does not include these two points. Moreover, as for constructing
formal powers we need to use the recursive integration defined by (4.1); in what
follows we require Ω to be any bounded simply connected domain not containing
the origin.

From Theorem 77 we have that a generating sequence corresponding to the
generating pair (10.6) can be defined as

Fm =
U

zm
and Gm =

i

zmU
for even m
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and
Fm =

1
zmU

and Gm =
iU

zm
for odd m.

In order to have a complete system of formal powers for each n we need to construct
Z(n)(1, z0; z) and Z(n)(i, z0; z).

For n = 0 we have

Z(0)(1, z0; z) = λ
(0)
1 F (z) + μ

(0)
1 G(z)

and
Z(0)(i, z0; z) = λ

(0)
i F (z) + μ

(0)
i G(z)

where λ
(0)
1 , μ

(0)
1 are real constants chosen so that

λ
(0)
1 F (z0) + μ

(0)
1 G(z0) = 1

and λ
(0)
i , μ

(0)
i are real constants such that

λ
(0)
i F (z0) + μ

(0)
i G(z0) = i.

Taking into account that F is real and G is imaginary we obtain that

λ
(0)
1 =

1
F (z0)

, μ
(0)
1 = 0,

λ
(0)
i = 0, μ

(0)
i = F (z0).

Thus,

Z(0)(1, z0; z) =
F (z)
F (z0)

=

√
ε(r)
ε(r0)

and

Z(0)(i, z0; z) =
iF (z0)
F (z)

= i

√
ε(r0)
ε(r)

where r0 = |z0|.
For constructing Z(1)(1, z0; z) and Z(1)(i, z0; z) we need first the formal pow-

ers Z
(0)
1 (1, z0; z) and Z

(0)
1 (i, z0; z). According to Definition 52 they have the form

Z
(0)
1 (1, z0; z) = λ

(1)
1 F1(z) + μ

(1)
1 G1(z)

and
Z

(0)
1 (i, z0; z) = λ

(1)
i F1(z) + μ

(1)
i G1(z)

where λ
(1)
1 , μ

(1)
1 are real numbers such that

λ
(1)
1 F1(z0) + μ

(1)
1 G1(z0) = 1
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and λ
(1)
i , μ

(1)
i are real numbers such that

λ
(1)
i F1(z0) + μ

(1)
i G1(z0) = i.

Thus in order to determine λ
(1)
1 , μ

(1)
1 and λ

(1)
i , μ

(1)
i we should solve two systems

of linear algebraic equations:

λ
(1)
1

1
z0ε1/2(r0)

+ μ
(1)
1

iε1/2(r0)
z0

= 1

and

λ
(1)
i

1
z0ε1/2(r0)

+ μ
(1)
i

iε1/2(r0)
z0

= i

which can be rewritten as

λ
(1)
1 + μ

(1)
1 iε(r0) = ε1/2(r0)z0

and
λ

(1)
i + μ

(1)
i iε(r0) = iε1/2(r0)z0.

From here we obtain

λ
(1)
1 = ε1/2(r0)x0, μ

(1)
1 = ε−1/2(r0)y0,

λ
(1)
i = −ε1/2(r0)y0, μ

(1)
i = ε−1/2(r0)x0.

Let us notice that in general for odd m we have

Z(0)
m (1, z0; z) =

λ
(m)
1

zmε1/2(r)
+

iμ
(m)
1 ε1/2(r)

zm
,

Z(0)
m (i, z0; z) =

λ
(m)
i

zmε1/2(r)
+

iμ
(m)
i ε1/2(r)

zm
,

where
λ

(m)
1 = ε1/2(r0) Re zm

0 = ε1/2(r0)rm
0 cosmθ0,

μ
(m)
1 = ε−1/2(r0) Im zm

0 = ε−1/2(r0)rm
0 sin mθ0,

λ
(m)
i = −ε1/2(r0) Im zm

0 = −ε1/2(r0)rm
0 sin mθ0,

μ
(m)
i = ε−1/2(r0) Re zm

0 = ε−1/2(r0)rm
0 cosmθ0,

θ0 is the argument of the complex number z0.
Thus, for odd m:

Z(0)
m (1, z0; z) =

(r0

z

)m
(

cosmθ0

√
ε(r0)
ε(r)

+ i sin mθ0

√
ε(r)
ε(r0)

)
,
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Z(0)
m (i, z0; z) =

(r0

z

)m
(
− sinmθ0

√
ε(r0)
ε(r)

+ i cosmθ0

√
ε(r)
ε(r0)

)
.

In a similar way we obtain the corresponding formulas for even m:

Z(0)
m (1, z0; z) =

(r0

z

)m
(

cosmθ0

√
ε(r)
ε(r0)

+ i sin mθ0

√
ε(r0)
ε(r)

)
,

Z(0)
m (i, z0; z) =

(r0

z

)m
(
− sinmθ0

√
ε(r)
ε(r0)

+ i cosmθ0

√
ε(r0)
ε(r)

)
.

In order to apply formula (4.1) for constructing formal powers of higher orders we
need to calculate the adjoint generating pairs (F ∗

m, G∗
m). For odd m we have

F ∗
m = − izm

ε1/2(r)
, G∗

m = ε1/2(r)zm.

For even m we obtain

F ∗
m = −izmε1/2(r), G∗

m =
zm

ε1/2(r)
.

Now the whole procedure of construction of formal powers can be easily algorith-
mized according to the formula (4.1). The obtained system of formal powers{

Z(n)(1, z0; z), Z(n)(i, z0; z)
}∞

n=0

is complete in the space of all solutions of the main Vekua equation (3.15) with
f = ε1/2(r), i.e., any regular solution W of (3.15) in Ω can be represented in the
form of a normally convergent series

W (z) =
∞∑

n=0

Z(n)(an, z0; z) =
∞∑

n=0

(
a′

nZ(n)(1, z0; z) + a′′
nZ(n)(i, z0; z)

)
where a′

n = Re an, a′′
n = Im an and z0 is an arbitrary fixed point in Ω.
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Hyperbolic Numbers and
Analytic Functions

In this part of the book we use the results and follow the exposition from [80]
where a hyperbolic analogue of pseudoanalytic function theory was developed
which proves to be extremely useful for studying hyperbolic partial differential
equations. We show that solutions of the Klein-Gordon equation with an arbitrary
potential are closely related to certain hyperbolic pseudoanalytic functions, the re-
sult of a factorization of the Klein-Gordon operator with the aid of two Vekua-type
operators. As one of the corollaries we obtain a method for explicit construction
of infinite systems of solutions of the considered Klein-Gordon equation. Our ap-
proach is based on the application of the algebra of hyperbolic numbers [110, 114]
instead of that of complex numbers and generalizes some earlier works dedicated
to hyperbolic analytic function theory [84, 95, 52]. It should be mentioned that
the elliptic and hyperbolic pseudoanalytic function theories naturally are quite dif-
ferent. Nevertheless as we show following [80] there are many important common
features.

It has been proven (see, e.g., [57]) that there exist essentially three possible
ways to generalize real numbers into real algebras of dimension 2. Indeed, each
possible system can be reduced to one of the following:

1. numbers a + bi with i2 = −1 (complex numbers);
2. numbers a + bj with j2 = 1 (hyperbolic numbers);
3. numbers a + bk with k2 = 0 (dual numbers).

Here we use the set of hyperbolic numbers, also called duplex numbers (see, e.g.,
[110, 114]) and denote it by

D :=
{
x + tj : j2 = 1, x, t ∈ R

} ∼= ClR(0, 1). (11.1)

It is easy to see that this algebra of hyperbolic numbers is commutative and
contains zero divisors.
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As in the case of complex numbers, we denote the real and “imaginary” parts
of z = x + tj ∈ D by x = Re(z) and t = Im(z). Now defining the conjugate as
z̄ := x− tj and the hyperbolic modulus as |z|2 := zz̄ = x2 − t2, we can verify that
the inverse of z whenever it exists is given by

z−1 =
z̄

|z|2 . (11.2)

From this, we find that the set NC of zero divisors of D, called the null-cone, is
given by

NC =
{
x + tj : |x| = |t|}.

It is also possible to define differentiability of a function at a point of D

[105, 108]:

Definition 106. Let U be an open set of D and z0 ∈ U . Then, f : U ⊆ D −→ D is
said to be D-differentiable at z0 with derivative equal to f ′(z0) ∈ D if

lim
z→z0

(z−z0 inv.)

f(z) − f(z0)
z − z0

= f ′(z0). (11.3)

Here z tends to z0 following the invertible trajectories. We also say that the
function f is D-holomorphic on an open set U if and only if f is D-differentiable
at each point of U .

Any hyperbolic number can be seen as an element of R2, so a function f(x+
tj) = f1(x, t)+f2(x, t)j can be seen as a mapping f(x, t) =

(
f1(x, t), f2(x, t)

)
of R2.

Theorem 107. Let U be an open set and f : U ⊆ D −→ D such that f ∈ C1(U).
Let also f(x + tj) = f1(x, t) + f2(x, t)j. Then f is D-holomorphic on U if and
only if

∂f1

∂x
=

∂f2

∂t
and

∂f2

∂x
=

∂f1

∂t
. (11.4)

Moreover f ′ =
∂f1

∂x
+

∂f2

∂x
j and f ′(z) is invertible if and only if detJf (z) �= 0,

where Jf (z) is the Jacobian matrix of f at z.

Every hyperbolic number x + tj has the unique idempotent representation

x + tj = (x + t)e1 + (x − t)e2, (11.5)

where e1 =
1 + j

2
and e2 =

1 − j
2

. This representation is useful because with its
aid addition, multiplication and division can be done term-by-term.

The notion of holomorphicity can also be seen using this notation. We define
the projections P1, P2 : D −→ R as P1(z) = x + t and P2(z) = x − t, where
z = x + tj as well as the following definition.
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Definition 108. We say that X ⊆ D is a D-cartesian set determined by X1 and
X2 if

X = X1×e X2 :=
{
x+ tj ∈ D : x+ tj = w1e1 +w2e2, (w1, w2) ∈ X1×X2

}
. (11.6)

It is easy to show that if X1 and X2 are open domains of R, then X1×e X2 is
also an open domain of D. Now, it is possible to formulate the following theorem.

Theorem 109. If fe1 : X1 −→ R and fe2 : X2 −→ R are real differentiable
functions on the open domains X1 and X2 respectively, then the function f :
X1 ×e X2 −→ D defined as

f(x + tj) = fe1(x + t)e1 + fe2(x − t)e2, ∀ x + tj ∈ X1 ×e X2 (11.7)

is D-holomorphic on the domain X1 ×e X2 and

f ′(x + tj) = f ′
e1

(x + t)e1 + f ′
e2

(x − t)e2, ∀ x + tj ∈ X1 ×e X2. (11.8)
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Hyperbolic Pseudoanalytic Functions

12.1 Differential operators

We will consider the variable z = x + tj, where x and t are real variables and the
corresponding formal differential operators

∂z =
1
2

(∂x + j∂t) and ∂z̄ =
1
2

(∂x − j∂t) . (12.1)

Notation fz̄ or fz means the application of ∂z̄ or ∂z respectively to a hyperbolic
function f(z) = u(z) + v(z)j. These hyperbolic operators act on sums, products,
etc. just as an ordinary derivative and we have the following result in the hyperbolic
function theory. We note that

fz =
1
2

(
(ux + vt) + (vx + ut)j

)
and fz̄ =

1
2

(
(ux − vt) + (vx − ut)j

)
.

In view of these operators,

fz(z) = 0 ⇔ (ux + vt) + (vx + ut)j = 0 (12.2)

i.e., ux = −vt, vx = −ut and

fz̄(z) = 0 ⇔ (ux + vt) + (vx + ut)j = 0 (12.3)

i.e., ux = vt, vx = ut.

Lemma 110. Let f(x + tj) = u(x, t) + v(x, t)j be a hyperbolic function where
ux, ut, vx and vt exist, and are continuous in a neighborhood of z0. The derivative

f ′(z0) = lim
z→z0

(z−z0 inv.)

f(z)− f(z0)
z − z0

(12.4)

exists, if and only if
fz̄(z0) = 0. (12.5)

Moreover, f ′(z0) = fz(z0) and f ′(z0) is invertible if and only if detJf (z0) �= 0.
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12.2 Hyperbolic pseudoanalytic function theory

Let z = x + tj where x, t ∈ R. The theory is based on assigning the part played
by 1 and j to two essentially arbitrary hyperbolic functions F and G. We assume
that these functions are defined and twice-continuously differentiable in some open
domain Ω ⊂ D. We require that

Im{F (z)G(z)} �= 0. (12.6)

Under this condition, (F, G) will be called a generating pair in Ω. Notice that

Im{F (z)G(z)} =
∣∣∣∣ Re{F (z)} Re{G(z)}

Im{F (z)} Im{G(z)}
∣∣∣∣. It follows, from Cramer’s theorem,

that for every z0 in Ω we can find unique constants λ0, μ0 ∈ R such that w(z0) =
λ0F (z0) + μ0G(z0). More generally we have the following result.

Theorem 111. Let (F, G) be a generating pair in some open domain Ω. If w(z) :
Ω ⊂ D → D, then there exist unique functions φ(z), ψ(z) : Ω ⊂ D → R such that

w(z) = φ(z)F (z) + ψ(z)G(z), ∀z ∈ Ω. (12.7)

Moreover, we have the following explicit formulas for φ and ψ:

φ(z) =
Im[w(z)G(z)]
Im[F (z)G(z)]

, ψ(z) = − Im[w(z)F (z)]
Im[F (z)G(z)]

. (12.8)

Proof. Let (F, G) be a generating pair in some open domain Ω. Let z0 ∈ Ω with
w(z0) = x1 + t1j, F (z0) = x2 + t2j and G(z0) = x3 + t3j. In this case, w(z0) =
φ(z0)F (z0)+ψ(z0)G(z0) with φ(z0), ψ(z0) ∈ R if and only if x1 = φ(z0)x2+ψ(z0)x3

and t1 = φ(z0)t2 + ψ(z0)t3. That is we obtain the system AX = B where A =
( x2 x3

t2 t3 ), B = ( x1
t1 ) and X =

(
φ(z0)
ψ(z0)

)
and the unique solution is X = A−1B where

A−1 = 1
detA

(
t3 −x3−t2 x2

)
. Hence,

X =
1

Im[F (z0)G(z0)]

(
t3 −x3

−t2 x2

)(
x1

t1

)
=

1
Im[F (z0)G(z0)]

(
Im[w(z0)G(z0)]
−Im[w(z0)F (z0)]

)
.

(12.9)

Then

φ(z) =
Im[w(z)G(z)]
Im[F (z)G(z)]

, ψ(z) = − Im[w(z)F (z)]
Im[F (z)G(z)]

, ∀z ∈ Ω. (12.10)

�
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Consequently, every hyperbolic function w defined in some subdomain of Ω
admits the unique representation w = φF + ψG where the functions φ and ψ are
real-valued. Thus, the pair (F, G) generalizes the pair (1, j) which corresponds to
hyperbolic analytic function theory. Sometimes it is convenient to associate with
the function w the function ω = φ + jψ. The correspondence between w and ω is
one-to-one.

We say that w : Ω ⊂ D → D possesses at z0 the (F, G)-derivative ẇ(z0) if
the (finite) limit

ẇ(z0) = lim
z→z0

(z−z0 inv.)

w(z) − λ0F (z) − μ0G(z)
z − z0

(12.11)

exists.
The following expressions are called the characteristic coefficients of the pair

(F, G):

a(F,G) = − F̄Gz̄ − Fz̄Ḡ

FG − FG
, b(F,G) =

FGz̄ − Fz̄G

FG − FG
,

A(F,G) = −FGz − FzG

FG − FG
, B(F,G) =

FGz − FzG

FG − FG
.

(12.12)

Set (for a fixed z0)

W (z) = w(z) − λ0F (z) − μ0G(z), (12.13)

the constants λ0, μ0 ∈ R being uniquely determined by the condition

W (z0) = 0. (12.14)

Hence W (z) has continuous partial derivatives if and only if w(z) has. Moreover,
ẇ(z0) exists if and only if W ′(z0) does, and if it does exist, then ẇ(z0) = W ′(z0).
Therefore, by Lemma 110, if we suppose w ∈ C1(Ω), the equation

Wz̄(z0) = 0 (12.15)

is necessary and sufficient for the existence of (12.11). Now,

W (z) =

∣∣∣∣∣∣∣
w(z) w(z0) w(z0)
F (z) F (z0) F (z0)
G(z) G(z0) G(z0)

∣∣∣∣∣∣∣∣∣∣∣∣ F (z0) F (z0)
G(z0) G(z0)

∣∣∣∣∣
(12.16)

so that (12.15) may be written in the form∣∣∣∣∣∣∣
wz̄(z0) w(z0) w(z0)
Fz̄(z0) F (z0) F (z0)
Gz̄(z0) G(z0) G(z0)

∣∣∣∣∣∣∣ = 0 (12.17)
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and if (12.11) exists, then

ẇ(z0) =

∣∣∣∣∣∣∣
wz(z0) w(z0) w(z0)
Fz(z0) F (z0) F (z0)
Gz(z0) G(z0) G(z0)

∣∣∣∣∣∣∣∣∣∣∣∣ F (z0) F (z0)
G(z0) G(z0)

∣∣∣∣∣
. (12.18)

Equations (12.18) and (12.17) can be rewritten in the form

ẇ = wz − A(F,G)w − B(F,G)w, (12.19)

wz̄ = a(F,G)w + b(F,G)w̄. (12.20)

Thus we have proved the following result.

Theorem 112 ([52]). Let (F,G) be a generating pair in some open domain Ω. Every
hyperbolic function w ∈ C1(Ω) admits the unique representation w = φF + ψG

where φ, ψ : Ω ⊂ D → R. Moreover, the (F, G)-derivative ẇ =
d(F,G)w

dz
of w(z)

exists and has the form

ẇ = φzF + ψzG = wz − A(F,G)w − B(F,G)w (12.21)

if and only if
wz̄ = a(F,G)w + b(F,G)w. (12.22)

The equation (12.22) can be rewritten in the form

φz̄F + ψz̄G = 0. (12.23)

Equation (12.22) is called a “hyperbolic Vekua equation” and any continuously dif-
ferentiable solutions of this equation are called “hyperbolic (F, G)-pseudoanalytic
functions”. If w is hyperbolic (F, G)-pseudoanalytic, the associated function ω =
φ + ψj is called hyperbolic (F, G)-pseudoanalytic of second kind.

One can appreciate a complete structural similarity of these first results of
hyperbolic pseudoanalytic function theory with those from the elliptic theory (Sec-
tion 2.2). Here we continue exploring this similarity.

Remark 113. The functions F and G are hyperbolic (F, G)-pseudoanalytic, and
Ḟ ≡ Ġ ≡ 0.

Definition 114. Let (F, G) and (F1, G1) be two generating pairs in Ω. (F1, G1) is
called the successor of (F, G) and (F, G) is called the predecessor of (F1, G1) if

a(F1,G1) = a(F,G) and b(F1,G1) = −B(F,G).
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The importance of this definition, similarly to the elliptic case, becomes ob-
vious from the following statement.

Theorem 115. Let w be a hyperbolic (F, G)-pseudoanalytic function and let
(F1, G1) be a successor of (F, G). If ẇ = W ∈ C1(Ω) then W is a hyperbolic
(F1, G1)-pseudoanalytic function.

Proof. The proof in the hyperbolic case is identical to that in the elliptic case (see
Theorem 11). �
Definition 116. Let (F, G) be a generating pair. Its adjoint generating pair
(F, G)∗ = (F ∗, G∗) is defined by the formulas

F ∗ = − 2F

FG − FG
, G∗ =

2G

FG − FG
. (12.24)

The (F, G)-integral is defined as∫
Γ

w d(F,G)z = F (z1) Re
∫

Γ

G∗w dz + G(z1) Re
∫

Γ

F ∗w dz (12.25)

where Γ is a rectifiable curve leading from z0 to z1.
If w = φF + ψG is a hyperbolic (F, G)-pseudoanalytic function where φ and

ψ are real-valued functions, then∫ z

z0

ẇ d(F,G)ζ = w(z) − φ(z0)F (z) − ψ(z0)G(z). (12.26)

This integral is path-independent and represents the (F, G)-antiderivative of ẇ.
The expression φ(z0)F (z)+ψ(z0)G(z) in (12.26) can be seen as a “pseudoanalytic
constant” of the generating pair (F, G) in Ω.

A continuous function W (z) defined in a domain Ω will be called (F, G)-
integrable if for every closed curve Γ situated in a simply connected subdomain of
Ω the following equality holds: ∮

Γ

Wd(F,G)z = 0. (12.27)

Theorem 117. Let W be a hyperbolic (F, G)-pseudoanalytic function. Then W is
(F, G)-integrable.

Proof. It will suffice to show that if Ω is a regular domain and Γ lies within the
domain of definition of W , then ∫

Γ

Wd(F,G)z (12.28)

is zero.
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From the definitions (12.12) and (12.24) we find

a(F∗,G∗) = −a(F,G), A(F∗,G∗) = −A(F,G),

b(F∗,G∗) = −B(F,G), B(F∗,G∗) = −b(F,G).
(12.29)

Hence we obtain

F ∗
z̄ = −aF ∗ − B F ∗, G∗

z̄ = −aG∗ − B G∗, (12.30)

and by hypothesis
Wz̄ = aW − BW, (12.31)

where a, b, A and B are the characteristic coefficients of (F, G).
Let us now use the definition (12.25) to evaluate (12.28). By using the hy-

perbolic Green’s theorem (see [52]), we obtain∫
Γ

G∗Wdz = 2j
∫ ∫

Ω

∂z̄(G∗W )dxdt

= 2j
∫ ∫

Ω

(
− aG∗W − B G∗W + G∗aW − G∗BW

)
dxdt

= −4j
∫ ∫

Ω

Re
(
G∗BW

)
dxdt

which is a purely imaginary number. The same argument shows that
∫
Γ F ∗Wdz

is a pure imaginary number. Hence by Definition (12.25) we find that (12.28) is
zero. �

12.3 Generating sequences

Definition 118. A sequence of generating pairs
{
(Fm, Gm)

}
with m ∈ Z, is called

a generating sequence if (Fm+1, Gm+1) is a successor of (Fm, Gm). If (F0, G0) =
(F, G), we say that (F, G) is embedded in

{
(Fm, Gm)

}
.

Definition 119. A generating sequence
{
(Fm, Gm)

}
is said to have period μ > 0

if (Fm+μ, Gm+μ) is equivalent to (Fm, Gm), that is their characteristic coefficients
coincide.

Let w be a hyperbolic (F, G)-pseudoanalytic function. Using a generating
sequence in which (F, G) is embedded we can define the higher derivatives of w
by the recursion formula

w[0] = w; w[m+1] =
d(Fm,Gm)w

[m]

dz
, m = 0, 1, 2, . . . .
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Definition 120. The formal power Z
(0)
m (a, z0; z) with center at z0 ∈ Ω, coefficient

a and exponent 0 is defined as the linear combination of the generators Fm, Gm

with real constant coefficients λ, μ chosen so that λFm(z0) + μGm(z0) = a. The
formal powers with exponents n = 1, 2, . . . are defined by the recursion formula

Z(n)
m (a, z0; z) = n

∫ z

z0

Z
(n−1)
m+1 (a, z0; ζ)d(Fm,Gm)ζ. (12.32)

This definition implies the following properties similar to those in the elliptic
case (cf. Section 4.1).

1. Z
(n)
m (a, z0; z) is a (Fm, Gm)-hyperbolic pseudoanalytic function of z.

2. If a′ and a′′ are real constants, then Z
(n)
m (a′ + ja′′, z0; z) = a′Z(n)

m (1, z0; z) +
a′′Z(n)

m (j, z0; z).
3. The formal powers satisfy the differential relations

d(Fm,Gm)Z
(n)
m (a, z0; z)

dz
= nZ

(n−1)
m+1 (a, z0; z).

4. The asymptotic formulas

Z(n)
m (a, z0; z) ∼ a(z − z0)n, z → z0

hold.



Chapter 13

Relationship between Hyperbolic
Pseudoanalytic Functions
and Solutions of the
Klein-Gordon Equation

13.1 Factorization of the Klein-Gordon equation

Consider the (1 + 1)-dimensional Klein-Gordon equation(
� − ν(x, t)

)
ϕ(x, t) = 0 (13.1)

in some domain Ω ⊂ R2, where

� :=
∂2

∂x2
− ∂2

∂t2
, ν and ϕ

are real-valued functions. We assume that ϕ is a twice-continuously differentiable
function.

In analogy to the factorization of the stationary two-dimensional Schrödinger
equation (Section 3.1) it is possible to factorize the Klein-Gordon equation with
potential. By C we denote the hyperbolic conjugation operator (Cj = −j).

Theorem 121 ([80]). Let f be a positive particular solution of (13.1) in Ω. Then
for any real-valued function ϕ ∈ C2(Ω) the following equalities hold:

(� − ν)ϕ = 4
(
∂z̄ +

fz

f
C
)(

∂z − fz

f
C
)
ϕ

= 4
(
∂z +

fz̄

f
C
)(

∂z̄ − fz̄

f
C
)
ϕ.

(13.2)
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Proof. Consider(
∂z̄ +

fz

f
C

)(
∂z − fz

f
C

)
ϕ = ∂z̄∂zϕ − |fz|2

f2
ϕ − ∂z̄

(
fz

f

)
ϕ

=
1
4

(
� ϕ − �f

f
ϕ

)
=

1
4
(� − ν)ϕ.

(13.3)

Thus we have the first equality in (13.2). Now application of C to both sides of
(13.3) gives us the second equality in (13.2). �

Note that the operator ∂z − fz

f I, where I is the identity operator, can be
represented in the form

P = ∂z − fz

f
I = f∂zf

−1I. (13.4)

Let us introduce the notation P := f∂zf
−1I. From Theorem 121, if f is a positive

solution of (13.1), the operator P transforms real-valued solutions of (13.1) into
solutions of the hyperbolic Vekua equation(

∂z̄ +
fz

f
C
)
w = 0. (13.5)

The operator ∂z applied to a real-valued function ϕ can be regarded as a kind
of gradient. If we have ∂zϕ = Φ in a convex hyperbolic domain, where Φ = Φ1+jΦ2

is a given hyperbolic-valued function such that its real part Φ1 and imaginary part
Φ2 satisfy

∂tΦ1 − ∂xΦ2 = 0, (13.6)

then we can construct ϕ up to an arbitrary real constant c. Indeed, we have

ϕ(x, t) = 2
(∫ x

x0

Φ1(η, t)dη +
∫ t

t0

Φ2(x0, ξ)dξ

)
+ c (13.7)

where (x0, t0) is an arbitrary fixed point in the domain of interest. We will denote
the integral operator in (13.7) by Ah:

Ah[Φ](x, t) = 2
(∫ x

x0

Φ1(η, t)dη +
∫ t

t0

Φ2(x0, ξ)dξ

)
+ c. (13.8)

Thus if Φ satisfies (13.6), there exists a family of real-valued functions ϕ such that
∂zϕ = Φ, given by ϕ = Ah[Φ].

In a similar way we define the operator Āh corresponding to ∂z̄ . The family of
real-valued functions ϕ such that ∂z̄ϕ = Φ, where ϕ = Ah[Φ], can be constructed
as

Āh[Φ](x, t) = 2
(∫ x

x0

Φ1(η, t)dη −
∫ t

t0

Φ2(x0, ξ)dξ

)
+ c, (13.9)
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when
∂tΦ1 + ∂xΦ2 = 0. (13.10)

Note that both definitions Ah and Ah are easily extended to any simply connected
domain.

Consider the operator S = fAhf−1I applicable to any hyperbolic-valued
function w such that Φ = f−1w satisfies condition (13.6). Then it is clear that for
such w we have that PSw = w.

Theorem 122 ([80]). Let f be a positive particular solution of (13.1) and w be a
solution of (13.5). Then the real-valued function g = Sw is a solution of (13.1).

Proof. First, let us verify that the function Φ = w/f satisfies condition (13.6). Let
w = u + jv. We find

∂tΦ1 − ∂xΦ2 = f−1 ·
(

(ut − vx) −
(ft

f
u − fx

f
v
))

. (13.11)

The equation (13.5) is equivalent to the system

ux − vt = −fx

f
u +

ft

f
v, ut − vx =

ft

f
u − fx

f
v (13.12)

and we find that the expression (13.11) is zero. Hence, the function Φ = w/f
satisfies (13.6) and we have PSw = w.

Let Q = (∂z̄ + fz

f C) such that QP = 1
4 (�− ν) from Theorem 121. We obtain

PSw = w ⇒ QPSw = Qw = 0 ⇒ 1
4
(� − ν)Sw = 0. (13.13)

�

13.2 The main hyperbolic Vekua equation

The Vekua equation (13.5) is closely related to another Vekua equation given by(
∂z̄ − fz̄

f
C
)
W = 0. (13.14)

Indeed, one can observe that the pair of functions

F = f and G =
j
f

(13.15)

is a generating pair for (13.14). The associated characteristic coefficients are then
given by

A(F,G) = 0, B(F,G) =
fz

f
, a(F,G) = 0, b(F,G) =

fz̄

f
, (13.16)
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and the (F, G)-derivative according to (12.21) is defined as

Ẇ = Wz − fz

f
W =

(
∂z − fz

f
C

)
W. (13.17)

From Definition 114 and Theorem 115, if we compare B(F,G) with the coef-
ficient in (13.5) we obtain the following statement.

Theorem 123. If W ∈ C1(Ω) is a solution of (13.14), then its (F, G)-derivative
Ẇ = w is a solution of (13.5) on Ω.

Let us now consider the (F, G)-antiderivative. Taking into account that F ∗ =
jf and G∗ = 1/f , we find∫ z

z0

w(ζ)d(F,G)ζ = f(z)Re
∫ z

z0

w(ζ)
f(ζ)

dζ − j
f(z)

Re
∫ z

z0

jf(ζ)w(ζ)dζ

= f(z)Re
∫ z

z0

w(ζ)
f(ζ)

dζ +
j

f(z)
Im

∫ z

z0

f(ζ)w(ζ)dζ

(13.18)

and we obtain the following statement.

Theorem 124. If w is a solution of (13.5), then the function

W (z) =
∫ z

z0

w(ζ)d(F,G)ζ (13.19)

is a solution of (13.14).

Lemma 125. Let b be a hyperbolic function such that bz is a real-valued function,
and let W = u + jv be a solution of the equation

Wz̄ = bW. (13.20)

Then u is a solution of the equation

1
4
�u = (bb̄ + bz)u (13.21)

and v is a solution of the equation

1
4
�v = (bb̄ − bz)v. (13.22)

Proof. We observe that under the conjugation the equation Wz̄ = bW is equivalent
to ∂z(u − jv) = b̄(u + jv). Then we obtain

1
4
�(u + jv) = ∂z∂z̄(u + jv)

= bz(u − jv) + b∂z(u − jv)
= bz(u − jv) + bb̄(u + jv)

(13.23)

and by considering the real and imaginary parts of this expression we complete
the proof. �
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Theorem 126. Let W be a solution of (13.14). Then u = Re W is a solution of
(13.1) and v = Im W is a solution of the equation(

� − η
)
v = 0, where η = −ν + 8

|fz|2
f2

. (13.24)

Proof. Let us first show that if b =
fz̄

f
, then bz is a real-valued function:

bz =
(∂zfz̄)f − fz̄fz

f2
=

1
4

�f

f
− |fz|2

f2
=

1
4
ν − |fz|2

f2
∈ R. (13.25)

We can easily calculate that 4(bb̄+ bz) = ν and 4(bb̄− bz) = η such that according
to Lemma 125 we find (� − ν)u = 0 and (� − η)v = 0. �
Remark 127. If we consider the case ν = 0 in (13.1), then we obtain the one-
dimensional wave equation �ϕ = 0 with the well-known general solution ϕ =
F (x+ t)+G(x− t), where F and G are two arbitrary real-valued functions of one

variable. In this case, the potential η is then given by η = 8
F ′G′

(F + G)2
.

Theorem 128. Let u be a solution of (13.1). Then the function v ∈ ker(�−η), such
that W = u + jv is a solution of (13.14), is constructed according to the formula

v = −f−1Ah

[
jf2∂z̄(f−1u)

]
. (13.26)

It is unique up to an additive term cf−1 where c is an arbitrary real constant.
Let v be a solution of (13.24). Then the function u ∈ ker(� − ν), such that

W = u + jv is a solution of (13.14), can be constructed as

u = −fAh

[
jf−2∂z̄(fv)

]
, (13.27)

up to an additive term cf .

Proof. Consider W = φf + jψ/f to be a solution of the Vekua equation (13.14).
Then this equation can be rewritten in the form

ψz̄ = −jf2φz̄

=
f2

2
(φt − jφx).

(13.28)

Taking into account that φ = u/f , (� − ν)u = 0 and (� − ν)f = 0, we can verify
that

∂t

(
f2

2
φt

)
+ ∂x

(
f2

2
φx

)
= 0, (13.29)

such that we can use (13.9) and ψ is given by ψ = −Ah

[
jf2φz̄

]
. Now, since

v = Im W = ψ/f we find v = −f−1Ah

[
jf2∂z̄(f−1u)

]
. The function v is a solution
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of (13.24) due to Theorem 126. Note that as the operator Ah reconstructs the
scalar function up to an arbitrary real constant, the function v in formula (13.26)
is uniquely determined up to an additive term cf−1 where c is an arbitrary real
constant.

Equation (13.27) is proved in a similar way. �

Example 129. Let us illustrate the last theorem by a simple example. Consid-
ering f(x, t) = xt = 1

4

(
(x + t)2 − (x − t)2

)
and u(x, t) = 1 to be two partic-

ular solutions of the wave equation in the subdomain 0 < x < t < ∞, then
v = −f−1Ah

[
jf2∂z̄(f−1u)

] ∈ ker
(
� − η

)
, where

η(x, t) = 8
|fz|2
f2

= 2
t2 − x2

x2t2
. (13.30)

Explicitly, the solution v is given by

v(x, t) =
x2 + t2

2xt
. (13.31)

13.3 Generating sequence for the main hyperbolic
Vekua equation

The first step in the construction of a generating sequence for the main hyperbolic
Vekua equation (13.14) is the construction of a generating pair for the equation
(13.5) which, as was shown previously, is a successor of the main Vekua equation.
For this, one of the possibilities consists in constructing another pair of solutions
of (13.14). Then their (F, G)-derivatives will give us solutions of (13.5).

Consider the main Vekua equation (13.14) which is equivalent to the equation

φz̄F + ψz̄G = 0, (13.32)

where W = φF + ψG, F = f and G = j/f . Equation (13.32) can be rewritten
explicitly as the system of partial differential equations

φxf2 − ψt = 0,

ψx − φtf
2 = 0.

(13.33)

Let us suppose that f and φ are functions of some real variable ρ = ρ(x, t),
i.e., f = f(ρ) and φ = φ(ρ). System (13.33) then becomes

ψx = φ′ρtf
2,

ψt = φ′ρxf2.
(13.34)
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The compatibility condition for this system implies

∂x

(
φ′ρxf2

)
− ∂t

(
φ′ρtf

2
)

= 0, (13.35)

which is equivalent to the equation

φ′′ +
(

�ρ

4|ρz|2 + 2
f ′

f

)
φ′ = 0, (13.36)

for |ρz|2 �= 0. We assume now that �ρ
4|ρz|2 is a function of ρ, i.e.,

�ρ

4|ρz|2 = s(ρ). (13.37)

Hence, under this hypothesis, we can integrate (13.36) and obtain

φ′(ρ) =
e−S(ρ)

f2
, (13.38)

where S(ρ) =
∫ ρ

ρ0

s(σ) dσ.

We can now integrate (13.38) and (13.34) to obtain a solution W = φF +ψG
of (13.14). However, since we are interested in finding a solution of (13.5), i.e., the
(F, G)-derivative Ẇ , we need φz and ψz which are given explicitly by

φz =
e−Sρz

f2
,

ψz =
j
2

e−Sρz.

(13.39)

Thus, a solution w1 = φzF + ψzG of (13.5) is given by

w1 =
3
2

e−S ρz

f
. (13.40)

In much the same way we can construct another solution of (13.5) looking
for ψ = ψ(ρ). The system (13.33) then becomes

φx =
ψ′ρt

f2
,

φt =
ψ′ρx

f2

(13.41)

and ψ′(ρ) = f2e−S(ρ). Calculating φz and ψz we find

φz =
j
2

e−Sρz,

ψz = f2e−Sρz,
(13.42)
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which gives us another solution w2 of (13.5):

w2 =
3
2
j e−Sρzf. (13.43)

Hence, for the function Φ = j e−Sρz �= 0 we have found a generating pair for
the Vekua equation (13.5) given by (eliminating the constant 3

2 in w1 and w2):

(
F1, G1

)
=

(
j e−Sρzf, j e−Sρz

j
f

)
=

(
ΦF, ΦG

)
.

(13.44)

Indeed, we have

Im
(
F1G1

)
= Im

(|Φ|2FG
)

= −e−S|ρz |2 �= 0. (13.45)

The following step is to construct the generating pair (F2, G2). For this we
should find two other solutions of (13.5), equivalent to φz̄F1 + ψz̄G1 = 0. Then to
obtain (F2, G2) we calculate the (F1, G1)-derivative of these solutions. Using the
same assumptions and the same method as in the previous case, we obtain(

F2, G2

)
=

(
Φ2F, Φ2G

)
. (13.46)

The generalization of results (13.44) and (13.46) is given in the next theorem which
allows us to obtain a generating sequence wherein the generating pair (F, G) of
(13.14) is embedded. Let us note that under the assumption (13.37) the function
Φ is a “hyperbolic analytic function”, i.e., Φz̄ = 0. Indeed, we have

Φz̄ = j
(
(∂z̄e−S)ρz +

1
4
e−S�ρ

)
= −1

4
j e−S

(
4s|ρz|2 − �ρ

)
= 0.

Theorem 130 ([80]). Let f be a nonvanishing solution of (13.1) such that f = f(ρ),
ρ = ρ(x, t), and �ρ

4|ρz |2 is a function of ρ denoted by s(ρ). Let also the function Φ
such that Φ = j e−S(ρ)ρz �= 0, where S(ρ) =

∫ ρ

ρ0
s(σ)dσ. Then the generating pair

(F, G) with F = f and G = j/f is embedded in the generating sequence (Fm, Gm)
where Fm = ΦmF , Gm = ΦmG and m ∈ Z.

Proof. First, let us show that (Fm, Gm) is a generating pair in Z. Indeed, we find

Im
(
FmGm

)
= Im

(|Φ|2mFG
)

= (−1)me−2mS |ρz|2m �= 0.

To complete the proof, we need to show that
{
(Fm, Gm)

}
forms a generating

sequence, i.e., (Fm, Gm) is a successor of (Fm−1, Gm−1):

a(Fm,Gm) = a(Fm−1,Gm−1) and b(Fm,Gm) = −B(Fm−1,Gm−1). (13.47)
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The coefficients a(Fm,Gm), b(Fm,Gm) and B(Fm,Gm) can be calculated in terms of
a(F,G), b(F,G) and B(F,G), respectively, by taking into account that Φz̄ = 0. We
obtain

a(Fm,Gm) = |Φ|2ma(F,G) = 0, b(Fm,Gm) =
(

Φ
Φ

)m

b(F,G),

B(Fm,Gm) =
(

Φ
Φ

)m

B(F,G).

(13.48)

Therefore, the first equality in (13.47) is verified. Taking into account (13.16) and
(13.48), the second equality in (13.47) is reduced to

Φfz + Φfz̄ = 0 ⇔ f ′(Φρz + Φρz) = 0. (13.49)

Since Φ = j e−S(ρ)ρz it is easy to observe that (13.49) is valid. �

This last theorem allows us to calculate the generating sequence (Fm, Gm)
for a large class of potentials ν(x, t) in the Klein-Gordon equation (13.1). The
importance of this result appears in the following theorem.

Theorem 131. Let f be a particular solution of (13.1) and let (F, G) be the gener-
ating pair in some open domain Ω with F = f and G = j/f . Then

Re Z(n)(a, z0; z), n = 0, 1, 2, . . .

are solutions of the Klein-Gordon equation (13.1).

Proof. From property 1 of Definition 120 we see that Z(n)(a, z0; z) is a hyperbolic
(F, G)-pseudoanalytic function. Hence Z(n)(a, z0; z) satisfies (13.14) and the real
parts are solutions of (13.1) from Theorem 126. �

Example 132. As an example of this theorem, we consider the Klein-Gordon equa-
tion (13.1) with the potential ν(x, t) = t2 − x2 in the “time-like” subdomain
0 < x < t < ∞. A particular solution of this equation is given by f(ρ) = exp(ρ2),
where we have defined ρ(x, t) =

√
xt. In this case the function �ρ

4|ρz |2 is a function
of ρ given by s(ρ) = −1/ρ, with S(ρ) = − ln ρ and Φ = z

4 �= 0. Let us construct
the first formal powers Z(n)(1, 4j; z) and Z(n)(j, 4j; z). By Definition 120 we obtain

Z(0)(1, 4j; 4j) = 1, Z(0)(j, 4j; 4j) = j,
= λ1F (4j) + μ1G(4j), = λ2F (4j) + μ2G(4j),
= λ1 + jμ1, = λ2 + jμ2,

such that λ1 = μ2 = 1 and μ1 = λ2 = 0. Hence, we obtain

Z(0)(1, 4j; z) = λ1F (z) + μ1G(z), Z(0)(j, 4j; z) = λ2F (z) + μ2G(z)
= ext, = je−xt.
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Now, from the formula (12.32), if we want to construct

Z(1)(1, 4j; z) and Z(1)(j, 4j; z)

we need to calculate first Z
(0)
1 (1, 4j; z) and Z

(0)
1 (j, 4j; z). Note that the generating

pair (F1, G1) is given by

F1 =
1
4
zext and G1 =

j
4
ze−xt.

Hence, from Definition 120 we obtain

Z
(0)
1 (1, 4j; 4j) = 1,

= λ3F1(4j) + μ3G1(4j),
= λ3j + μ3,

Z
(0)
1 (j, 4j; 4j) = j,

= λ4F1(4j) + μ4G1(4j),
= λ4j + μ4,

which implies that μ3 = λ4 = 1 and λ3 = μ4 = 0 and

Z
(0)
1 (1, 4j; z) = λ3F1(z) + μ3G1(z), Z

(0)
1 (j, 4j; z) = λ4F1(z) + μ4G1(z)

=
j
4
ze−xt =

1
4
zext.

From the definition (12.32), we have

Z(1)(a, 4j; z) =
∫ z

0

Z
(0)
1 (a, 4j; ζ)d(F,G)ζ

and (12.24) gives F ∗ = jf and G∗ = 1/f . Now using (12.25) we find

Z(1)(1, 4j; z) =
1
4

(
extRe

∫ z

0

je−2x′t′ζdζ + je−xtRe
∫ z

0

ζdζ

)
,

Z(1)(j, 4j; z) =
1
4

(
extRe

∫ z

0

ζdζ + je−xtRe
∫ z

0

je2x′t′ζdζ

)
,

where ζ = x′ + jt′. Evaluating these integrals, we obtain

Re
∫ z

0

ζdζ = Re
∫ 1

0

ε(x + jt)(x + jt)dε =
x2 + t2

2

and

Re
∫ z

0

je±2x′t′ζdζ = Re
∫ 1

0

j(x + jt)2εe±2ε2xtdε = e±xt sinh(xt),
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such that

Z(1)(1, 4j; z) =
1
4

(
sinh(xt) + j

x2 + t2

2
e−xt

)
,

Z(1)(j, 4j; z) =
1
4

(
x2 + t2

2
ext + j sinh(xt)

)
.

Now, according to (12.32), if we want to find Z(2)(1, 4j; z) and Z(2)(j, 4j; z) we
need to calculate first Z

(1)
1 (1, 4j; z) and Z

(1)
1 (j, 4j; z); those are themselves obtained

from Z
(0)
2 (1, 4j; z) and Z

(0)
2 (j, 4j; z).

The generating pair (F2, G2) is given by

F2 =
(z

4

)2

ext and G2 = j
(z

4

)2

e−xt,

which allows us to calculate Z
(0)
2 (1, 4j; z) and Z

(0)
2 (j, 4j; z). We find

Z
(0)
2 (1, 4j; z) =

(z

4

)2

ext, Z
(0)
2 (j, 4j; z) = j

(z

4

)2

e−xt.

To obtain Z
(1)
1 (1, 4j; z) and Z

(1)
1 (j, 4j; z), we need the adjoint generating pair of

(F1, G1), i.e.,

F ∗
1 = 4j

ext

z
, G∗

1 = 4
e−xt

z
.

Using (12.32), we find

Z
(1)
1 (1, 4j; z) =

1
16

(x + jt)
(

x2 + t2

2
ext + j sinh(xt)

)
,

Z
(1)
1 (j, 4j; z) =

1
16

(x + jt)
(

sinh(xt) + j
x2 + t2

2
e−xt

)
.

Finally, by considering again (12.32), we obtain

Z(2)(1, 4j; z) =
ext

64

[
(x2 + t2)2 + 4xt + 2

(
cosh(2xt) − sinh(2xt) − 1

)]
+

j
64

x2 + t2

xt

[
ext

(
4xt sinh(2xt) − 1

)
+ 2e−xt cosh(xt)

(
cosh(xt) + sinh(xt)

)− 1
]
,

Z(2)(j, 4j; z) = − 1
64

x2 + t2

xt

[
ext

(
sinh(2xt) − cosh(2xt)

)− 4xt sinh(xt) + e−xt
]

− j
64

e−xt
[
(x2 + t2)2 + 4 cosh(xt)

(
sinh(xt)

+ cosh(xt)
)− 4

(
xt + 1

)]
.
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According to Theorem 131, we can verify that the real parts of Z(n)(1, 4j; z)
and Z(n)(j, 4j; z) with n = 0, 1, 2, . . . are solutions of the Klein-Gordon equation
with potential ν(x, t) = t2 − x2.

Example 133. We are now considering the Klein-Gordon equation (13.1) with the
potential

ν(x, t) =
1
4

(
1

(t + 1)2
− 1

(x + 1)2

)
(13.50)

on the time-like subdomain 0 < x < t < ∞. A particular solution of this equation
is given by f(x, t) =

√
(x + 1)(t + 1). We write ρ = (x + 1)(t + 1). In this case it

is easy to see that the function �ρ
4|ρz|2 is zero, therefore a function of ρ. We obtain

Φ = z
2 + e1, where e1 is the idempotent constant of (11.5). Let us calculate the

first formal powers Z(n)(1, t0j; z) and Z(n)(j, t0j; z), where t0 > 0. We find

Z(0)(1, t0j; z) = α−1
√

(x + 1)(t + 1),

Z(0)(j, t0j; z) =
jα√

(x + 1)(t + 1)

where α =
√

t0 + 1.

From (12.32), in order to construct Z(1)(1, t0j; z) and Z(1)(j, t0j; z) we first
need Z

(0)
1 (1, t0j; z) and Z

(0)
1 (j, t0j; z). These functions are calculated from the gen-

erating pair (F1, G1) given by

F1(z) =
(z

2
+ e1

)√
(x + 1)(t + 1),

G1(z) =
(

jz
2

+ e1

)
1√

(x + 1)(t + 1)
.

Using this generating pair we obtain

Z
(0)
1 (1, t0j; z) = − z + 2e1

αt0(t0 + 2)

√
(x + 1)(t + 1)

+ j
α(t0 + 1)(z + 2e1)

t0(t0 + 2)
1√

(x + 1)(t + 1)
,

Z
(0)
1 (j, t0j; z) =

(t0 + 1)(z + 2e1)
αt0(t0 + 2)

√
(x + 1)(t + 1)

− j
α(z + 2e1)
t0(t0 + 2)

1√
(x + 1)(t + 1)

.

We note that F ∗ = −j
√

(x + 1)(t + 1) and G∗ = 1/
√

(x + 1)(t + 1) such that we
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are now able to calculate Z(1)(1, t0j; z) and Z(1)(j, t0j; z). We find

Z(1)(1,t0j;z)

=
√

(x+1)(t+1)
[ −1
αt0(t0 +2)

(
x2 + t2

2
+x+ t

)
+

α(t0 +1)
t0(t0 +2)

ln[(x+1)(t+1)]
]

+
j√

(x+1)(t+1)

[
1

2αt0(t0 +2)

(
2(x+ t)(xt+1)+(x2t2 +4xt+x2 + t2)

)
− α(t0 +1)

t0(t0 +2)

(
x2 + t2

2
+x+ t

)]
and

Z(1)(j,t0j;z)

=
√

(x+1)(t+1)
[

t0 +1
αt0(t0 +2)

(
x2 + t2

2
+x+ t

)
− α

t0(t0 +2)
ln[(x+1)(t+1)]

]
+

j√
(x+1)(t+1)

[ −(t0 +1)
2αt0(t0 +2)

(
2(x+ t)(xt+1)+(x2t2 +4xt+x2 + t2)

)
+

α

t0(t0 +2)

(
x2 + t2

2
+x+ t

)]
.

Again here, we can verify that the real parts of Z(1)(1, t0j; z) and Z(1)(j, t0j; z) are
solutions of the Klein-Gordon equation with potential (13.50).

Thus, we have proved that the Klein-Gordon equation can be reduced to a
hyperbolic Vekua equation of the form (13.14) and as a consequence under quite
general conditions an infinite system of solutions of the Klein-Gordon equation can
be constructed explicitly as a real part of the corresponding set of formal powers.
Meanwhile in the elliptic theory this result gave us a complete system of solutions
(of a corresponding Schrödinger equation); it is an open question what part of the
kernel of the Klein-Gordon operator is determined by the obtained solutions.

One of the main results of elliptic pseudoanalytic function theory is the sim-
ilarity principle. It is interesting and important to find a corresponding fact in the
hyperbolic case.

The reduction of the Klein-Gordon equation with an arbitrary potential to
a Vekua-type hyperbolic first-order equation gives us the possibility to apply con-
cepts and ideas from pseudoanalytic function theory to linear second-order wave
equations. Besides some first applications presented here, questions related to ini-
tial and boundary value problems, existence and construction of special classes of
solutions, large-time behavior of solutions (closely related to a similarity principle)
and others may receive a new development effort.



Chapter 14

The Dirac Equation

The Dirac equation with a fixed energy and the Vekua equation describing pseu-
doanalytic functions both are first-order elliptic systems, and it would be quite
natural to expect a deep interrelation between their theories, especially in the
case when all potentials and wave functions in the Dirac equation depend on two
space variables only. Nevertheless there has not been much work done in this direc-
tion1 due to the fact that traditional matrix representations of the Dirac operator
do not allow us to visualize a relation between the Dirac equation in the two-
dimensional case and the Vekua equation. Written using the traditional matrix
formalism, the Dirac equation is a system of four complex equations which does
not decouple in a two-dimensional situation but decouples in the one-dimensional
case only.

In the present chapter we establish a simple relation between the Dirac equa-
tion with a scalar and an electromagnetic potential in a two-dimensional case from
one side and a pair of decoupled Vekua equations from the other. As a first step we
use the matrix transformation proposed in [65] (see also [66] and [81]) which allows
us to rewrite the Dirac equation in a covariant form as a biquaternionic equation.
It is not our aim to discuss here the advantages of our biquaternionic reformulation
of the Dirac equation compared with other representations (the interested reader
can find some of the arguments in [66]). We point out only that our transforma-
tion is C-linear as well as is the resulting Dirac operator, which is not the case
for a better known biquaternionic reformulation of the Dirac operator introduced
by C. Lanczos in [83] (see [40] and [66] for more references). Moreover, in the
time-dependent case, with a vanishing electromagnetic potential our Dirac opera-
tor is real quaternionic. We mention also that the quaternionic form of the Dirac
equation introduced in [65] and discussed here, was recently rediscovered in [113].

Here we exploit another attractive facet of our biquaternionic Dirac equation
(which, we emphasize, is completely equivalent to the traditional Dirac equation

1We refer to the work [5] where the theory of pseudoanalytic functions was used in a way
completely different from ours for studying the two-dimensional Dirac equation with a scalar or
a pseudoscalar potential.
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written using Dirac matrices). In the two-dimensional case it decouples into a pair
of separate Vekua equations. In general these Vekua equations are bicomplex. We
show that some results from theory of pseudoanalytic functions without modifica-
tions can be applied to these equations. We formulate the similarity principle and
concentrate on another non-trivial and surprising consequence of the established
relation with pseudoanalytic functions. Consider the Dirac equation with a scalar
potential depending on one variable with fixed energy and mass. In general this
equation cannot be solved explicitly even if one looks for wave functions of one
variable. Nonetheless one of the results we present here for such a Dirac equation
is an algorithmically simple procedure for obtaining in an explicit form an infinite
system of exact solutions depending on two variables. The solutions are positive
formal powers and as such, in general, they are not appropriate for studying the
Dirac equation on the whole plane. However the very fact that it is always possible
to obtain explicitly an infinite system of exact solutions of the Dirac equation with
scalar potential of one variable, as well as the hope to be able to obtain explicitly
not only the generalizations of positive powers but also those of the negative ones,
makes in our opinion this approach attractive and promising.

14.1 Notation

We denote by H(C) the algebra of complex quaternions (= biquaternions). The
elements of H(C) have the form Q =

∑3
k=0 Qkek where {Qk} ⊂ C, e0 is the unit

and {ek|k = 1, 2, 3} are the standard quaternionic imaginary units. Sometimes we
will use also another notation for the quaternionic imaginary units:

e1 = i, e2 = j, e3 = k.

We denote the imaginary unit in C by i as usual. By definition i com-
mutes with ek, k = 0, 3.We will use also the vector representation of Q ∈ H(C):
Q = Sc(Q) + Vec(Q), where Sc(Q) = Q0 and Vec(Q) = Q =

∑3
k=1 Qkek. The

quaternionic conjugation is defined as Q = Q0 − Q.
By MP we denote the operator of multiplication by a biquaternion P from

the right-hand side
MP Q = Q · P.

The interested reader can find more information on complex quaternions in, e.g.,
[66] or [81].

Let Q be a complex quaternion-valued differentiable function of x = (x1, x2,
x3). Let

DQ =
3∑

k=1

ek
∂

∂xk
Q. (14.1)

This operator is called sometimes the Moisil-Theodorescu operator or the Dirac
operator but the truth is that it was introduced already by W.R. Hamilton him-
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self and studied in a great number of works (see, e.g., [39], [41], [42], [66], [81]).
Expression (14.1) can be rewritten in a vector form as

DQ = − div Q + gradQ0 + rotQ.

That is, Sc(DQ) = − div Q and Vec(DQ) = gradQ0 + rotQ. Let us notice that
D2 = −Δ. If Q0 is a scalar function, then DQ0 coincides with gradQ0.

The following generalization of Leibniz’s rule can be proved by a direct cal-
culation (see [41, p. 24]).

Theorem 134. Let {P, Q} ⊂ C1(G; H(C)), where G is some domain in R3. Then

D[P · Q] = D[P ] · Q + P · D[Q] + 2( Sc(PD))[Q], (14.2)

where

( Sc(PD))[Q] := −
3∑

j=1

Pj∂jQ.

Remark 135. If in Theorem 134 Vec(P ) = 0, that is P = P0, then

D[P0 · Q] = D[P0] · Q + P0 · D[Q]. (14.3)

From this equality we obtain that the operator D + grad P0
P0

can be factorized as(
D +

gradP0

P0

)
Q = P−1

0 D(P0Q). (14.4)

Let G be a complex-valued vector such that rotG ≡ 0. Then the complex-
valued scalar function ϕ is said to be its potential (or antigradient) if gradϕ = G.
We will write ϕ = A[G]. The operator A is a simple generalization of the usual
antiderivative and of the operator A (see Subsection 2.3.3), and it defines the
function ϕ up to an arbitrary constant. Its explicit representation is well known
and has the form

A[G](x, y, z) =

x∫
x0

G1(ξ, y0, z0)dξ +

y∫
y0

G2(x, ζ, z0)dζ +

z∫
z0

G3(x, y, η)dη + C.

14.2 Quaternionic form of the Dirac equation

Consider the Dirac operator with scalar and electromagnetic potentials

D = γ0∂t +
3∑

k=1

γk∂k + i

(
m + pelγ0 +

3∑
k=1

Akγk + psc

)
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where γj , j = 0, 1, 2, 3 are usual γ-matrices (see, e.g., [16], [115])

γ0 :=

⎛⎜⎜⎝
1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

⎞⎟⎟⎠ , γ1 :=

⎛⎜⎜⎝
0 0 0 −1
0 0 −1 0
0 1 0 0
1 0 0 0

⎞⎟⎟⎠ ,

γ2 :=

⎛⎜⎜⎝
0 0 0 i
0 0 −i 0
0 −i 0 0
i 0 0 0

⎞⎟⎟⎠ , γ3 :=

⎛⎜⎜⎝
0 0 −1 0
0 0 0 1
1 0 0 0
0 −1 0 0

⎞⎟⎟⎠ ,

m ∈ R, pel, Ak and psc are real-valued functions.
In [65] (see also [22], [66], [81]) a simple matrix transformation was obtained

which allows us to rewrite the classical Dirac equation in quaternionic terms.
Let us introduce an auxiliary notation f̃ := f(t, x1, x2,−x3). The domain G̃ is

assumed to be obtained from the domain G ⊂ R
4 by the reflection x3 → −x3. The

transformation announced above we denote as K and define it in the following way.
A function Φ : G ⊂ R4 → C4 is transformed into a function F : G̃ ⊂ R4 → H(C)
by the rule

F = K[Φ] :=
1
2

(
−(Φ̃1 − Φ̃2)e0 + i(Φ̃0 − Φ̃3)e1 − (Φ̃0 + Φ̃3)e2 + i(Φ̃1 + Φ̃2)e3

)
.

The inverse transformation K−1 is defined as

Φ = K−1[F ] = (−iF̃1 − F̃2,−F̃0 − iF̃3, F̃0 − iF̃3, iF̃1 − F̃2)T .

Let us present the introduced transformations in a more explicit matrix form
which relates the components of a C4-valued function Φ with the components of
an H(C)-valued function F :

F = K[Φ] =
1
2

⎛⎜⎜⎝
0 −1 1 0
i 0 0 −i

−1 0 0 −1
0 i i 0

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

Φ̃0

Φ̃1

Φ̃2

Φ̃3

⎞⎟⎟⎟⎠
and

Φ = K−1[F ] =

⎛⎜⎜⎝
0 −i −1 0

−1 0 0 −i
1 0 0 −i
0 i −1 0

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

F̃0

F̃1

F̃2

F̃3

⎞⎟⎟⎟⎠ .

Let
R = D − ∂tM

e1 + a + M−i(p̃ele1−i(p̃sc+m)e2)
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where a = i(Ã1e1 + Ã2e2 − Ã3e3). The following equality holds [66]:

R = Kγ1γ2γ3DK−1.

That is, a C4-valued function Φ is a solution of the equation

DΦ = 0 in G

iff the complex quaternionic function F = KΦ is a solution of the quaternionic
equation

RF = 0 in G̃.

Note that in the absence of the electromagnetic potential the operator R becomes
real quaternionic which is an important property (see [79]).

In what follows we assume that potentials are time-independent and consider
solutions with fixed energy: Φ(t,x) = Φω(x)eiωt. The equation for Φω has the form

DωΦω = 0 in Ĝ (14.5)

where Ĝ is a domain in R3,

Dω = iωγ0 +
3∑

k=1

γk∂k + i

(
m + pelγ0 +

3∑
k=1

Akγk + psc

)
.

We have
Rω = Kγ1γ2γ3DωK−1,

where
Rω = D + a + Mb

with b = −i((p̃el + ω)e1 − i(p̃sc + m)e2). Thus, equation (14.5) turns into the
complex quaternionic equation

Rωq = 0 (14.6)

where q is a complex quaternion-valued function.

14.3 The Dirac equation in a two-dimensional case

as a bicomplex Vekua equation

Let us introduce the following notation. For any complex quaternion q we denote
by Q1 and Q2 its bicomplex components

Q1 = q0 + q3e3 and Q2 = q2 − q1e3.

Then q can be represented as q = Q1 + Q2e2. For the operator D we have D =
D1 + D2e2 with D1 = e3∂3 and D2 = ∂2 − ∂1e3. Notice that b = Be2 with
B = −(p̃sc +m)+ i(p̃el +ω)e3, a = A1 +A2e2 with A1 = a3e3 and A2 = a2−a1e3.
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We obtain that equation (14.6) is equivalent to the system

D1Q1 − D2Q2 + A1Q1 − A2Q2 − BQ2 = 0, (14.7)

D2Q1 + D1Q2 + A2Q1 + A1Q2 + BQ1 = 0, (14.8)

where Q1 and Q2 are bicomplex components of q. We stress that the system (14.7),
(14.8) is equivalent to the Dirac equation in γ-matrices (14.5).

Let us suppose all fields in our model to be independent of x3, and A1 =
a3e3 ≡ 0. Then the system (14.7), (14.8) decouples, and we obtain two separate
bicomplex equations [21]

D2Q2 = −A2Q2 − BQ2

and
D2Q1 = −A2Q1 − BQ1.

Write ∂ = D2, a = −A2, b = −B, w = Q2, W = Q1, z = x + yk, where x = x2,
y = x1 and for convenience we set k = e3. Then we reduce the Dirac equation with
electromagnetic and scalar potentials independent of x3 to a pair of Vekua-type
equations

∂w = aw + bw (14.9)

and
∂W = aW + bW. (14.10)

The difference between the bicomplex equations (14.9), (14.10) and the usual com-
plex Vekua equations is revealed if only w or W can take values equal to bicomplex
zero divisors (otherwise equations (14.9), (14.10) can be analyzed following Bers-
Vekua theory). Let us study this possibility with the aid of the pair of projection
operators

P+ =
1
2
(1 + ik) and P− =

1
2
(1 − ik).

The set of bicomplex zero divisors, that is of nonzero elements q = q0 + q1k,
{q0, q1} ⊂ C such that

qq = (q0 + q1k) (q0 − q1k) = 0 (14.11)

we denote by S.

Lemma 136. Let q be a bicomplex number of the form q = q0 + q1k, {q0, q1} ⊂ C.
If q ∈ S, then q = 2P+q0 or q = 2P−q0.

Proof. From (14.11) it follows that q2
0 + q2

1 = 0 which gives us that q1 = ±iq0.
That is q = q0(1 + ik) or q = q0(1 − ik). �

For other results on bicomplex numbers we refer to [111].
The similarity principle in general is not valid in a bicomplex situation. Nev-

ertheless if the bicomplex pseudoanalytic function is such that its values are not
zero divisors at any point of the domain of interest, then for such a function the
similarity principle can be formulated without any modification (see Section 4.3).



14.4. Bers’ theory for bicomplex pseudoanalytic functions 155

14.4 Some definitions and results from Bers’ theory
for bicomplex pseudoanalytic functions

14.4.1 Generating pair, derivative and antiderivative

The definitions in the bicomplex case are quite analogous to those in the complex
situation.

Definition 137. A pair of bicomplex functions F = F0 + F1k and G = G0 + G1k,
possessing in Ω partial derivatives with respect to the real variables x and y, is
said to be a generating pair if it satisfies the inequality

Vec(FG) �= 0 in Ω.

The following expressions are called characteristic coefficients of the pair (F, G):

a(F,G) = −FGz − FzG

FG − FG
, b(F,G) =

FGz − FzG

FG − FG
,

A(F,G) = −FGz − FzG

FG − FG
, B(F,G) =

FGz − FzG

FG − FG
,

where the subindex z or z means the application of ∂ or ∂ respectively.
Every bicomplex function W defined in a subdomain of Ω admits the unique

representation W = φF + ψG where the functions φ and ψ are complex-valued.
The (F, G)-derivative Ẇ = d(F,G)W

dz of a function W with φ and ψ possessing
continuous partial derivatives, exists and has the form

Ẇ = φzF + ψzG = Wz − A(F,G)W − B(F,G)W (14.12)

if and only if
φzF + ψzG = 0. (14.13)

This last equation can be rewritten in the form

Wz = a(F,G)W + b(F,G)W

which we call the bicomplex Vekua equation. Solutions of this equation are called
bicomplex (F, G)-pseudoanalytic functions.

Remark 138. The functions F and G are bicomplex (F, G)-pseudoanalytic, and
Ḟ ≡ Ġ ≡ 0.

Definition 139. Let (F, G) and (F1, G1) be two generating pairs in Ω. (F1, G1) is
called the successor of (F, G) and (F, G) is called the predecessor of (F1, G1) if

a(F1,G1) = a(F,G) and b(F1,G1) = −B(F,G).
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By analogy with the complex case we have the following statement.

Theorem 140. Let W be a bicomplex (F, G)-pseudoanalytic function and let
(F1, G1) be a successor of (F, G). Then Ẇ is a bicomplex (F1, G1)-pseudoanalytic
function.

Definition 141. Let (F, G) be a generating pair. Its adjoint generating pair

(F, G)∗ = (F ∗, G∗)

is defined by the formulas

F ∗ = − 2F

FG − FG
, G∗ =

2G

FG − FG
.

The (F, G)-integral is defined as∫
Γ

Wd(F,G)z =
1
2

(
F (z1) Sc

∫
Γ

G∗Wdz + G(z1) Sc
∫

Γ

F ∗Wdz

)
where Γ is a rectifiable curve leading from z0 to z1.

If W = φF +ψG is a bicomplex (F, G)-pseudoanalytic function where φ and
ψ are complex-valued functions, then∫ z

z0

Ẇd(F,G)z = W (z) − φ(z0)F (z) − ψ(z0)G(z), (14.14)

and as Ḟ = Ġ = 0, this integral is path-independent and represents the (F, G)-
antiderivative of Ẇ .

14.4.2 Generating sequences and Taylor series in formal powers

Definition 142. A sequence of generating pairs {(Fm, Gm)}, m = 0,±1,±2, . . .,
is called a generating sequence if (Fm+1, Gm+1) is a successor of (Fm, Gm). If
(F0, G0) = (F, G), we say that (F, G) is embedded in {(Fm, Gm)}.
Theorem 143. Let (F, G) be a generating pair in Ω. Let Ω1 be a bounded domain,
Ω1 ⊂ Ω. Then (F, G) can be embedded in a generating sequence in Ω1.

Definition 144. A generating sequence {(Fm, Gm)} is said to have period μ > 0
if (Fm+μ, Gm+μ) is equivalent to (Fm, Gm), that is their characteristic coefficients
coincide.

Let W be a bicomplex (F, G)-pseudoanalytic function. Using a generating
sequence in which (F, G) is embedded we can define the higher derivatives of W
by the recursion formula

W [0] = W ; W [m+1] =
d(Fm,Gm)W

[m]

dz
, m = 1, 2, . . . .



14.4. Bers’ theory for bicomplex pseudoanalytic functions 157

Definition 145. The formal power Z
(0)
m (a, z0; z) with center at z0 ∈ Ω, coefficient a

and exponent 0 is defined as the linear combination of the generators Fm, Gm with
complex constant coefficients λ, μ chosen so that λFm(z0) + μGm(z0) = a. The
formal powers with exponents n = 1, 2, . . . are defined by the recursion formula

Z(n+1)
m (a, z0; z) = (n + 1)

∫ z

z0

Z
(n)
m+1(a, z0; ζ)d(Fm,Gm)ζ. (14.15)

This definition implies the following properties.

1. Z
(n)
m (a, z0; z) is an (Fm, Gm)-pseudoanalytic function of z.

2. If a′ and a′′ are complex constants, then

Z(n)
m (a′ + ka′′, z0; z) = a′Z(n)

m (1, z0; z) + a′′Z(n)
m (k, z0; z).

3. The formal powers satisfy the differential relations

d(Fm,Gm)Z
(n)
m (a, z0; z)

dz
= nZ

(n−1)
m+1 (a, z0; z).

4. The asymptotic formulas

Z(n)
m (a, z0; z) ∼ a(z − z0)n, z → z0

hold.

Assume now that

W (z) =
∞∑

n=0

Z(n)(a, z0; z) (14.16)

where the absence of the subindex m means that all the formal powers corre-
spond to the same generating pair (F, G), and the series converges uniformly
in some neighborhood of z0. If the function W in (14.16) is bicomplex (F, G)-
pseudoanalytic and the series converges normally, the rth derivative of W admits
the expansion

W [r](z) =
∞∑

n=r

n(n − 1) · · · (n − r + 1)Z(n−r)
r (an, z0; z).

From this the Taylor formulas for the coefficients are obtained

an =
W [n](z0)

n!
. (14.17)
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Definition 146. Let W (z) be a given (F, G)-pseudoanalytic function defined for
small values of |z − z0|. The series

∞∑
n=0

Z(n)(a, z0; z) (14.18)

with the coefficients given by (4.13) is called the Taylor series of W at z0, formed
with formal powers.

The Taylor series always represents the function asymptotically:

W (z) −
N∑

n=0

Z(n)(a, z0; z) = O
(
|z − z0|N+1

)
, z → z0, (14.19)

for all N . This implies (since a pseudoanalytic function can not have a zero of ar-
bitrarily high order without vanishing identically) that the sequence of derivatives{
W [n](z0)

}
determines the function W uniquely.

In spite of a complete structural similarity of the complex and bicomplex
main pseudoanalytic definitions, the theorems establishing the numerous proper-
ties of series in formal powers remain unproved in the case of bicomplex pseudoan-
alytic function theory due to the above-mentioned difficulties with the similarity
principle.

14.5 The main bicomplex Vekua equation

As in the complex case we consider the main bicomplex Vekua equation. Let f0

be a complex-valued (with respect to i), twice differentiable nonvanishing function
defined on Ω. Consider the equation

∂W =
∂f0

f0
W in Ω (14.20)

where we recall that ∂ = ∂x + k∂y and W = W1 + kW2, W1,2 are complex-valued
(with respect to i).

Set ν1 = Δf0/f0.

Theorem 147 ([71]). If W = W1 + W2k is a solution of (14.20), then W1 = Sc W
is a solution of the stationary Schrödinger equation

−ΔW1 + ν1W1 = 0 in Ω (14.21)

and W2 = Vec W is a solution of the associated Schrödinger equation

−ΔW2 + ν2W2 = 0 in Ω (14.22)

where ν2 = 2(∂f0 · ∂f0)/f2
0 − ν1.
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Moreover, the results from Section 3.3 allowing us by a given solution W1

of (14.21) to construct such a solution W2 of (14.22) that W = W1 + W2k be
a solution of (14.20) generalizing in this way the well-known procedure for con-
structing conjugate harmonic functions in complex analysis remain valid in the
studied bicomplex case as well.

14.6 Dirac equation with a scalar potential

Let us show that the Dirac equation with a scalar potential depending on one real
variable reduces to a bicomplex Vekua equation of the form (14.20). In this section
we present results from [21].

Let psc = p(x) and pel ≡ 0, Ak ≡ 0, k = 1, 2, 3. Then according to Section
14.3 the Dirac equation is equivalent to the pair of bicomplex Vekua equations

∂w = bw (14.23)

and
∂W = bW (14.24)

with b = p(x) + m − iωk.
Let f0 = eP (x)+mx+iωy, where P is an antiderivative of p. Then we have

b = ∂f0/f0.

Note that due to Theorem 147, if the bicomplex function W is a solution of (14.24),
then the complex function W1 = Sc W is a solution of the stationary Schrödinger
equation (14.21) where

ν1(x) = p′(x) + (p(x) + m)2 − ω2, (14.25)

and the function W2 = Vec W is a solution of equation (14.22) where

ν2(x) = −p′(x) + (p(x) + m)2 − ω2. (14.26)

Let us notice that both Schrödinger equations (14.21) and (14.22) in this case
admit separation of variables. Nevertheless this does not imply they can be solved
explicitly. In general this is not the case. However we will show how using our
approach and Bers’ theory for both of them one can construct in explicit form an
infinite system of exact solutions.

Consider equation (14.24). It is easy to see that the pair of functions

F = f0 and G =
k
f0

(14.27)

represents a generating pair for (14.24). Note that F = eσ and G = e−σk, where
σ = α(x) + β(y) and α(x) = P (x) + mx, β(y) = iωy. For a generating pair of
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such special kind it is easy to construct a successor. Let τ = −α(x) + β(y). Then
the pair F1 = eτ and G1 = e−τk is a successor of (F, G). Moreover, (F, G) is a
successor of (F1, G1). Thus, for (F, G) we obtain a complete periodic generating
sequence of a period 2 in explicit form.

The fact that we have a generating sequence in an explicit form implies that
we are able to construct the corresponding formal powers of any order explicitly
and therefore to obtain an infinite system of exact solutions of the Dirac equa-
tion with a scalar potential depending on one variable as well as of the stationary
Schrödinger equations (14.21) and (14.22) with potentials (14.25) and (14.26) re-
spectively.

As a first step we construct the adjoint generating pair (see Definition 141):

F ∗ = −f0k and G∗ =
1
f0

.

Next, we write down the expression for the (F, G)-integral:∫
Γ

Wd(F,G)z =
1
2

(
f0(z1) Sc

∫
Γ

W (z)
f0(z)

dz − k
f0(z1)

Sc
∫

Γ

f0(z)W (z)kdz

)
.

By definition, the formal power Z(0)(a, z0; z) for equation (14.24) has the form

Z(0)(a, z0; z) = λF (z) + μG(z),

where the complex constants λ and μ are chosen so that λF (z0) + μG(z0) = a.
That is,

Z(0)(a, z0; z) = λeP (x)+mx+iωy + μe−(P (x)+mx+iωy)k.

In order to obtain Z(1)(a, z0; z) we should take the (F, G)-integral of Z
(0)
1 (a, z0; z),

where
Z

(0)
1 (a, z0; z) = λ1F1(z) + μ1G1(z),

with λ1F1(z0) + μ1G1(z0) = a. Thus,

Z(1)(a, z0; z) =
∫ z

z0

(λ1F1(ζ) + μ1G1(ζ))d(F,G)ζ

=
1
2

{
eP (x)+mx+iωy Sc

×
∫ z

z0

e−P (x′)−mx′−iωy′
(λ1e

−P (x′)−mx′+iωy′
+ μ1e

P (x′)+mx′−iωy′
k)dζ

− e−P (x)−mx−iωyk Sc

×
∫ z

z0

eP (x′)+mx′+iωy′
k(λ1e

−P (x′)−mx′+iωy′
+ μ1e

P (x′)+mx′−iωy′
k)dζ

}
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=
1
2

{
eP (x)+mx+iωy Sc

∫ z

z0

(λ1e
−2(P (x′)+mx′) + μ1e

−2iωy′
k)dζ

− e−P (x)−mx−iωyk Sc
∫ z

z0

(λ1e
2iωy′

k − μ1e
2(P (x′)+mx′))dζ

}
where ζ = x′ + y′k.

For Z(2)(a, z0; z) by Definition 145 we have

Z(2)(a, z0; z) = 2
∫ z

z0

Z
(1)
1 (a, z0; ζ)d(F,G)ζ, (14.28)

where Z
(1)
1 (a, z0; ζ) in its turn can be found from the equality

Z
(1)
1 (a, z0; z) =

∫ z

z0

Z
(0)
2 (a, z0; ζ)d(F1,G1)ζ. (14.29)

We note that due to periodicity of the generating sequence containing the gener-
ating pair (14.27),

Z
(0)
2 (a, z0; ζ) = Z(0)(a, z0; ζ).

The adjoint pair for (F1, G1) necessary for the (F1, G1)-integral in (14.29) has the
form

F ∗
1 = −eτk and G∗

1 = e−τ .

Thus,

Z
(1)
1 (a, z0; z)

=
1
2

{
e−P (x)−mx+iωy Sc

×
∫ z

z0

eP (x′)+mx′−iωy′
(λeP (x′)+mx′+iωy′

+ μe−P (x′)−mx′−iωy′
k)dζ

− eP (x)+mx−iωyk Sc

×
∫ z

z0

e−P (x′)−mx′+iωy′
k(λeP (x′)+mx′+iωy′

+ μe−P (x′)−mx′−iωy′
k)dζ

}
=

1
2

{
e−P (x)−mx+iωy Sc

∫ z

z0

(λe2(P (x′)+mx′) + μe−2iωy′
k)dζ

− eP (x)+mx−iωyk Sc
∫ z

z0

(λe2iωy′
k − μe−2(P (x′)+mx′))dζ

}
.

Substitution of this expression into (14.28) gives us the formal power Z(2)(a, z0; z),
and this algorithmically simple procedure can be continued indefinitely. As a result
we obtain an infinite system of formal powers of (14.24).
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A similar procedure works also for equation (14.23). Note that the pair of
functions F1k = eτk and G1k = −e−τ is a generating pair corresponding to
(14.23).

As any solution of the Schrödinger equation (14.21) with the potential ν1

defined by (14.25) is the scalar part of some solution of (14.24), and any solution
of (14.22) with the potential (14.26) is the vector part of some solution of (14.24),
the scalar and the vector parts of the constructed system of formal powers give us
infinite systems of solutions of (14.21) and (14.22) respectively.

This last result can also be interpreted in the following way. Consider the
equation

−Δf + νf = ω2f in Ω (14.30)

where f is a complex twice-continuously differentiable function of two real variables
x and y, and ν is a complex-valued function of one real variable x, ω is a complex
constant. Suppose we are given a particular solution f0 = f0(x) of the ordinary
differential equation

−d2f0

dx2
+ νf0 = 0. (14.31)

This implies that we are able to represent ν in the form ν = p′+p2 where p = f ′
0/f0.

Then we observe that (14.30) is precisely equation (14.21) with m = 0 in (14.25).
Thus our result means that, if we are able to solve the ordinary differential equa-
tion (14.31), then we can construct explicitly an infinite system of exact solutions
to (14.30) for any ω. For this one should consider the bicomplex Vekua equation
(14.24) and follow the procedure described above for constructing the correspond-
ing system of formal powers. Then the scalar part of the system gives us an infinite
system of exact solutions to (14.30).



Chapter 15

Complex Second-order Elliptic
Equations and Bicomplex
Pseudoanalytic Functions

Using the formalism of bicomplex numbers many results from Chapters 3 and 4
can be obtained also for second-order elliptic equations with complex coefficients.
Here we give some examples without proofs which are completely analogous to
those given earlier.

Consider the equation
(−Δ + ν) f = 0 (15.1)

in some domain Ω ⊂ R2, where Δ = ∂2

∂x2 + ∂2

∂y2 , ν and f are complex-valued with
respect to the imaginary unit i (in our terms scalar) functions. We assume that f
is a twice-continuously differentiable function. We write ∂z = 1

2∂ = 1
2 (∂x + k∂y),

∂z = 1
2∂ = 1

2 (∂x − k∂y), and by C the operator of conjugation with respect to k:
if W = W1 +kW2 where W1 and W2 are scalar functions, then CW = W1 −kW2.

We have the following results on the factorization of second-order operators
generalizing those of Chapter 3.

Theorem 148. Let f be a nonvanishing in Ω particular solution of (15.1). Then
for any complex-valued (scalar) function ϕ ∈ C2(Ω) the following equalities hold:

1
4

(Δ − ν) ϕ =
(

∂z +
fz

f
C

)(
∂z − fz

f
C

)
ϕ =

(
∂z +

fz

f
C

)(
∂z − fz

f
C

)
ϕ.

(15.2)

Theorem 149. Let u0 be a nonvanishing in Ω particular solution of the equation

( div p grad+q)u = 0 in Ω (15.3)

where p and q are complex-valued functions, p ∈ C2(Ω) and p �= 0 in Ω. Then
for any complex-valued (scalar) twice-continuously differentiable function ϕ the
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following equality holds:

1
4
( div p grad+q)ϕ = p1/2

(
∂z +

fz

f
C

)(
∂z − fz

f
C

)
p1/2ϕ,

where f = p1/2u0.

Let f be a scalar function of x and y. Consider the main bicomplex Vekua
equation

Wz =
fz

f
W in Ω. (15.4)

Set W1 = Sc W and W2 = Vec W .

Theorem 150. Let W = W1 + W2k be a solution of (15.4). Then U = f−1W1 is a
solution of the equation

div(f2∇U) = 0 in Ω, (15.5)

and V = fW2 is a solution of the equation

div(f−2∇V ) = 0 in Ω, (15.6)

the function W1 is a solution of the stationary Schrödinger equation

−ΔW1 + r1W1 = 0 in Ω (15.7)

with r1 = Δf/f , and W2 is a solution of the associated Schrödinger equation

−ΔW2 + r2W2 = 0 in Ω (15.8)

where r2 = 2(∇f)2/f2 − r1 and (∇f)2 = f2
x + f2

y .

Remark 151. The pair of functions

F = f and G =
k
f

(15.9)

is a generating pair for (15.4). This allows us to rewrite (15.4) in the form of an
equation for pseudoanalytic functions of second kind,

ϕzf + ψz
k
f

= 0, (15.10)

where ϕ and ψ are scalar functions. If ϕ and ψ satisfy (15.10), then W = ϕf +ψ k
f

is a solution of (15.4) and vice versa.
Set w = ϕ + ψk. Then from (15.10) we have

(w + w)zf + (w − w)z
1
f

= 0,

which is equivalent to the equation

wz =
1 − f2

1 + f2
wz .
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Theorem 152. Let W = W1+W2k be a solution of (15.4). Assume that f = p1/2u0,
where u0 is a nonvanishing solution of (15.3) in Ω. Then u = p−1/2W1 is a solution
of (15.3) in Ω, and v = p1/2W2 is a solution of the equation(

div
1
p

grad+q1

)
v = 0 in Ω, (15.11)

where

q1 = −1
p

(
q

p
+ 2

〈∇p

p
,
∇u0

u0

〉
+ 2

(∇u0

u0

)2
)

. (15.12)

Theorem 153. Let W1 be a solution of (15.7) in a simply connected domain Ω.
Then the function W2, solution of (15.8) such that W = W1 + W2k is a solution
of (15.4), is constructed according to the formula

W2 = f−1A(kf2∂z(f−1W1)).

Given a solution W2 of (15.8), the corresponding solution W1 of (15.7) such
that W = W1 + W2k is a solution of (15.4), is constructed as

W1 = −fA(kf−2∂z(fW2)).

As we see the results concerning the relationship with second-order equations
for bicomplex pseudoanalytic functions are similar in their structure to the corre-
sponding results for complex pseudoanalytic functions. Moreover, the scheme for
constructing formal powers and corresponding infinite systems of solutions of the
second-order equations works without any modification in this bicomplex formal-
ism. The difficulty arises when one wants to obtain results on the completeness
of the systems of solutions. For this it is necessary to generalize many theorems
from pseudoanalytic function theory onto the bicomplex situation. It should be
mentioned that this task is anything but easy.

We notice also that while we have considered a bicomplex-valued function of a
complex variable, the theory of pseudoanalytic bicomplex functions of a bicomplex
variable represents interest as well; for some first results in this direction we refer
to [109].



Chapter 16

Multidimensional
Second-order Equations

16.1 Factorization

Consider the equation
(−Δ + ν) g = 0 in G (16.1)

where Δ = ∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2 , ν and g are complex-valued functions, and G is a
domain in R

3. We assume that g is twice-continuously differentiable.

Theorem 154. Let f be a nonvanishing particular solution of (16.1). Then for any
scalar twice-continuously differentiable function g the following equality holds:

(D + M
Df
f )(D − M

Df
f )g = (−Δ + ν) g. (16.2)

Proof. This is a direct calculation based on the Leibniz rule (14.3). �
Remark 155. The factorization (16.2) was obtained in [9], [11] in a form which
required a solution of an associated biquaternionic Riccati equation. In [64] it was
shown that the solution has necessarily the form Df/f with f being a solution of
(16.1).

Remark 156. Theorem 154 generalizes Theorem 25. In a two-dimensional situation
(16.2) reduces to (3.2).

Remark 157. As g in (16.2) is a scalar function, the factorization of the Schrödinger
operator can also be written in the form

(D + M
Df
f )fD(f−1g) = (−Δ + ν) g,

from which it is obvious that, if g is a solution of (16.1), then the vector F =
fD(f−1g) is a solution of the equation

(D + M
Df
f )F = 0 in G. (16.3)
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The inverse result we formulate as the following statement.

Theorem 158. Let F be a solution of (16.3) in a simply connected domain G. Then
g = fA[f−1F] is a solution of (16.1).

Proof. First, in order to apply the operator A to the vector f−1F we should
ascertain that indeed,

rot(f−1F) = 0. (16.4)

For this, consider the vector part of (16.3). It has the form

rotF + [F× Df

f
] = 0

which is equivalent to equation (16.4).
Now, applying the Laplacian to g = fA[f−1F] and taking into account that

f is a solution of (16.1) and F is a solution of (16.3), we obtain the result:

−Δg = D2g = D(Df · A[f−1F] + F)

= f−1FDf −A[f−1F]Δf + DF

= F
Df

f
− νfA[f−1F] − F

Df

f

= −νg. �

In the same way as in Section 3.2 we obtain the factorization of the operator
div p grad+q where div and grad are already operators with respect to three
independent variables.

Theorem 159. Let u0 be a nonvanishing particular solution of the equation

( div p grad+q)u = 0 in G ⊂ R
3 (16.5)

with p, q and u being complex-valued functions, p ∈ C2(G) and p �= 0 in G. Then
for any scalar function ϕ ∈ C2(G) the following equality holds:

( div p grad+q)ϕ = −p1/2(D + M
Df
f )(D − M

Df
f )p1/2ϕ (16.6)

where f = p1/2u0.

Proof. This is analogous to the proof of Theorem 29. �

Thus, if u is a solution of equation (16.5) then

F = fD(f−1p1/2u) = fD(u−1
0 u)

is a solution of equation (16.3) (see Remark 157). The inverse result has the
following form.
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Theorem 160. Let F be a solution of equation (16.3) in a simply connected domain
G, where f = p1/2u0 and u0 is a nonvanishing particular solution of (16.5). Then

u = u0A[f−1F]

is a solution of (16.5).

Proof. This is a corollary of Theorem 158 and relation ( div p grad+q) = p1/2(Δ−
ν)p1/2 where ν = Δf/f . �

Notice that due to the fact that in (16.6) ϕ is scalar, we can rewrite the
equality in the form

( div p grad+q)ϕ = −p1/2(D + M
Df
f )

(
D − Df

f
CH

)
p1/2ϕ,

where CH is the operator of quaternionic conjugation: CHW = Sc(W )− Vec(W ).

16.2 The main quaternionic Vekua equation

Consider the equation (
D − Df

f
CH

)
W = 0, (16.7)

where W is an H(C)-valued function. Equation (16.7) is a direct generalization
of the main Vekua equation (3.15). Moreover, we show that it preserves some
important properties of (3.15).

Theorem 161. Let W = W0 + W be a solution of (16.7). Then W0 is a solution
of the stationary Schrödinger equation

−ΔW0 + νW0 = 0, (16.8)

where ν = Δf/f ; the function u = f−1W0 is a solution of the equation

div(f2 gradu) = 0, (16.9)

and the vector function v = fW is a solution of the equation

rot(f−2 rotv) = 0. (16.10)

Proof. Equation (16.7) is equivalent to the system

div W +
〈∇f

f
,W

〉
= 0,

rotW +
[∇f

f
× W

]
+ ∇W0 − ∇f

f
W0 = 0



170 Chapter 16. Multidimensional Second-order Equations

which can be rewritten in the form

div(fW) = 0, (16.11)

f−1 rot(fW) + f grad(f−1W0) = 0. (16.12)

From (16.12) we obtain (16.9) and (16.10). Equation (16.8) is obtained from (16.9)
and (3.9). �
Remark 162. Observe that the functions

F0 = f, F1 =
i
f

, F2 =
j
f

, F3 =
k
f

give us a generating quartet for the equation (16.7): they are solutions of (16.7)
and obviously any H(C)-valued function W can be represented in the form

W =
3∑

j=0

ϕjFj ,

where ϕj are complex-valued functions. It is easy to verify that the function W is
a solution of (16.7) iff

3∑
j=0

(Dϕj)Fj = 0 (16.13)

in a complete analogy with the two-dimensional case (see Remark 34). Set

w = ϕ0 + ϕ1i + ϕ2j + ϕ3k.

Then (16.13) can be written as

D(w + w)f + D(w − w)
1
f

= 0

which is equivalent to the equation

Dw =
1 − f2

1 + f2
Dw.

Remark 163. The results of this section remain valid in the n-dimensional situ-
ation if instead of quaternions the Clifford algebra Cl0,n (see, e.g., [19], [42]) is
considered. The operator D is then introduced as D =

∑n
j=1 ej

∂
∂xj

where ej are
the basis elements of the Clifford algebra.

Let us notice that some results in the direction of construction of a multi-
dimensional theory of pseudoanalytic functions were presented, e.g., in [8], [88].
The difference of our approach consists in the fact that we start from the factor-
ization of the stationary Schrödinger operator and study the quaternionic Vekua
equation arising from this factorization. We expect that, due to a special form of
this Vekua equation, more results from L. Bers’ pseudoanalytic function theory
can be generalized offering interesting applications to second-order equations of
mathematical physics.



Open Problems

New mathematical results unfailingly produce new questions, and the theory pre-
sented in this book is not an exception. Here we summarize some of the open
problems related to the material discussed in the preceding chapters.

1. In Chapter 5 the pseudoanalytic Cauchy kernel was obtained only for a
certain class of Vekua equations and related systems describing p-analytic
functions. Besides the Cauchy integral formula the explicit construction of a
Cauchy kernel allows us to obtain negative formal powers, to develop Laurent
series theory and to consider problems, for example, in unbounded domains.
Though, as was shown in Chapter 4 it is possible to construct positive for-
mal powers in a quite general situation, it is an important open problem,
how under the same conditions to construct negative formal powers. It is
worth mentioning that the proof of their existence given by L. Bers in [14] is
constructive and reduces the problem to construction of positive formal pow-
ers. Nevertheless the procedure in Chapter 4 does not seem to be directly
applicable in this case.

2. In Part IV the theory of hyperbolic pseudoanalytic functions and their re-
lation to the Klein-Gordon equation were presented. In spite of a certain
structural similarity of this theory to the elliptic pseudoanalytic function
theory, many important questions remain unanswered. For example, as was
shown in Section 13.3, formal powers for the main hyperbolic Vekua equation
and consequently an infinite system of exact solutions for the corresponding
Klein-Gordon equation can be constructed explicitly in a quite general sit-
uation. Nevertheless the completeness of these systems of functions in the
kernels of the corresponding operators is an open question, and in case of the
incompleteness their physical meaning is an interesting issue.

3. Part V shows the importance of bicomplex pseudoanalytic functions for
studying second-order partial differential equations with complex coefficients
and such physical systems as the Dirac equation. However, a good part of
bicomplex pseudoanalytic function theory remains undeveloped. The global
completeness of the system of formal powers (at least for the main Vekua
equation) is one of the many open questions here. Under what conditions
can such important results as the Liouville theorem be true? This is a kind
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of problem needed to be solved for developing the mathematical theory of
electrical impedance tomography [3] in the case of physical media with com-
plex electrical parameters.

4. Many concepts and results of pseudoanalytic function theory wait for their
appropriate generalization onto the multidimensional case using such tools
as quaternions and Clifford algebras. While the main quaternionic Vekua
equation was introduced in Section 16.2 and its relation to second-order
Schrödinger-like equations was established, further questions as, for exam-
ple, the construction of quaternionic formal powers remain open.

5. One of the main objects studied in this book is the main Vekua equation
deeply related to second-order Schrödinger-like equations. Almost everywhere
in the preceding chapters we required that the coefficient in this equation
be nonsingular, that is the particular solution of the corresponding second-
order equation whose logarithmic derivative represents that coefficient must
have no zeros. Nevertheless it is very interesting to use the results on Vekua
equations with singular coefficients like those from [92], [119] and references
therein in order to study second-order equations which do not possess non-
vanishing solutions in a domain of interest.
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[3] Astala, K. and Päivärinta, L.; 2006. Calderón’s inverse conductivity problem
in the plane. Annals of Mathematics, 163, No. 1, 265–299.

[4] Athanasiadis, C., Costakis, G. and Stratis, I.G.; 2000. On some properties of
Beltrami fields in chiral media. Reports on Mathematical Physics 45, 257–
271.

[5] Battle, G.A.; 1981. Generalized analytic functions and the two-dimensional
Euclidean Dirac operator. Comm. in Partial Differential Equations 6 (2),
121–151.

[6] Begehr, H.; 1985. Boundary value problems for analytic and generalized an-
alytic functions. Oxford: North Oxford Academic, “Complex analysis: meth-
ods, trends, and applications”, Ed. by E. Lanckau and W. Tutschke, 150–165.

[7] Ben Amara, J. and Shkalikov, A.A.; 1999. A Sturm-Liouville problem with
physical and spectral parameters in boundary conditions. Mathematical Notes
66, no. 2, 127–134.

[8] Berglez, P.; 2007. On generalized derivatives and formal powers for pseudo-
analytic functions. Matematiche 62, no. 2, 29–36.

[9] Bernstein, S.; 1996. Factorization of solutions of the Schrödinger equation.
In: Proceedings of the symposium Analytical and numerical methods in
quaternionic and Clifford analysis, Seiffen.

[10] Bernstein, S.; 2006. Factorization of the nonlinear Schrödinger equation and
applications. Complex Variables and Elliptic Equations, 51, No. 5–6, 429–
452.

[11] Bernstein, S. and Gürlebeck, K.; 1999. On a higher dimensional Miura trans-
form. Complex Variables 38, 307–319.

[12] Bers, L.; 1950. The expansion theorem for sigma-monogenic functions. Amer-
ican Journal of Mathematics 72, 705–712.



174 Bibliography

[13] Bers, L.; 1952. Theory of pseudo-analytic functions. New York University.
[14] Bers, L.; 1956. An outline of the theory of pseudoanalytic functions. Bull.

Amer. Math. Soc. 62, 291–331.
[15] Bers, L.; 1956. Formal powers and power series. Communications on Pure

and Applied Mathematics 9, 693–711.
[16] Bjorken, J. and Drell, S.; 1998. Relativistic quantum mechanics. The

McGraw-Hill Companies, Inc.
[17] Bliev, N.; 1997. Generalized analytic functions in fractional spaces. Addison

Wesley Longman Ltd.
[18] Bogdanov, Y. Mazanik, S. and Syroid, Y.; 1996. Course of differential equa-

tions. Minsk: Universitetskae (in Russian).
[19] Brackx, F., Delanghe, R. and Sommen, F.; 1982. Clifford Analysis. Pitman

Publishing, Marshfield, MA.
[20] Bragg, L.R. and Dettman, J.W.; 1995. Function theories for the Yukawa

and Helmholtz equations. Rocky Mountain Journal of Mathematics 25, No.
3, 887–917.
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